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SKEW CLOSED STRUCTURE OF Gray-CATEGORIES
BJÖRN GOHLA
Abstract. We define a skew-closed ste [Street, 2013] for Gray-categories extening the
mapping space construction of Gohla [2014].
1. Definitions
Let GrayCat be the category Gray-categories and strict Gray-enriched functors. In [Gohla,
2014] we showed that there is for Gray-categories G, H a Gray-category [G,H] consisting of
pseudo-functors, pseudo-transformations, pseudo-modifications and perturbations. This
construction can be restricted to a Gray-category [G,H]p of strict Gray-functors, pseudo-
transformations, pseudo-modifications and perturbations.
We denote the composition operartions in [G,H]p by ∗i where i is the dimension of the
intervening cell, i.e. we have α′ ∗0 α : H =⇒ H′′ for pseudo-transformations α : H =⇒ H ′
and α′ : H ′ =⇒ H ′′ where H,H ′, H ′′ are Gray-functors G −→ H; α and α′ are 1-cells in
[G,H]p that coincide on H ′. We will denote by ∗−1 the composition of functors, pseudo-
transformations, pseudo-modifications and perturbations incident on a Gray-category, i.e.
from the point of view of the mapping space [G,H]p the Gray-categories G and H have
dimension −1.
1.1. Claim. [G,H]p is functorial G and H, meaning [_,_]p : GrayCatop × GrayCat −→
GrayCat is a functor.
Proof. That [_,H]p is a functor each H is seen easily, since it is defined in terms of
pre-composition.
Let G : H −→ H′ be a Gray-functor, we define a mapping [G, G]p : [G,H]p −→ [G,H′]
as follows:
• (F : G −→ H) 7→ (GF : G −→ H′)
• (α : Q1G −→
−→
H) 7→ (
−→
Gα : Q1G −→
−→
H′)
• (A : Q1G −→ H) 7→ (GA : Q1G −→ H′)
• (σ : Q1G −→ H) 7→ (Gσ : Q1G −→ H′)
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2We check that [G,_]p preserves unit and composition, i.e. that [G, idH]p = id[G,H]p and
[G, G′]p[G, G]p = [G, G′G]p, by using the fact that
−→
(_), (_) and (_) are endo-functors on
GrayCat and composition of Gray-functors is associative.
Finally, we need to verify that [G, G]p itself is a Gray-functor, meaning it needs to
preserve the composition operations ∗i of [G,H]p and the tensor.
Let α : F =⇒ F ′ and α′ : F ′ =⇒ F ′′ be pseudo-transformations for Gray-functors
F, F ′, F ′′ : G −→ H. α and α′ are given by Gray-functors α, α′ : Q1G −→
−→
H . Their com-
posite along F ′ is defined as α′∗0α = mQ1〈α′, α〉δ, hence [G, G](α′∗0α) =
−→
GmQ1〈α′, α〉δ.
On the other hand [G, G](α′)∗0[G, G](α) = mQ1〈
−→
Gα′,
−→
Gα〉δ = mQ1(
−→
G×d0,d1
−→
G)Q1〈α′, α〉δ.
Thus, to prove [G, G](α′ ∗0 α) = [G, G](α′) ∗0 [G, G](α), it remains we to be shown that
Q1(
−→
H ×d0,d1
−→
H)
m //
Q1(
−→
G×
−→
G)

−→
H
−→
G

Q1(
−→
H′ ×d0,d1
−→
H′) m
//
−→
H′
(1)
commutes in GrayCat. This can be seen when comparing the two paths as composites of
Q1 graph maps [Gohla, 2014]. Their agreement as globular maps is obvious.
We proceed to check the equality of the 2-cocycle data: According to [Gohla, 2014,
section 5] the 2-cocyle on a 2-by-2 arrangement of squares is given by
(fˆ ′′#0g
′
2#0g0)
#1(gˆ′2⊗g2)
#1(gˆ′1#0gˆ2#0f)
and because applying
−→
G of a strict Gray-functor to cells of
−→
H is given by applying G
elementwise it is obvious that (1) commutes.
For the remaining operations one can argue similarly. ⊓⊔
First, we need for every triple of Gray-categories G,H,K a Gray-functor
LGH,K : [H,K]
p −→ [[G,H]p, [G,K]p]p (2)
natural inH andK and extranatural in G. For brevity we shall just write L. LetH, β,B,∆
be respectively a 0-,1-,2- and 3-cell from [H,K]p, then we define L as giving the action by
postcomposition:
L(H) = H ∗−1 (_)
L(β) = β ∗−1 (_)
L(B) = B ∗−1 (_)
L(∆) = ∆ ∗−1 (_) .
(3)
3The composite ∗−1 is defined in section 4. Furthermore, let L(β)2 be the family of per-
turbations indexed by composable pairs α, α′ of pseudo-transformations in [G,H]p defined
by
(L(β)2α′,α)x = β
2
α′x,αx
. (4)
1.2. Theorem. The map L given in (3) and (4) is well defined, that is,
• L(H) is a Gray-functor (2.1) L(H) : [G,H]p −→ [G,K]p,
• L(β) is a pseudo-transformation (2.3) L(β) : L(H) −→ L(H ′),
• L(B) is a pseudo-modification (2.4) L(B) : L(β) −→ L(β ′),
• L(∆) is a perturbation (2.5) L(∆): L(B) −→ L(B′).
Proof. The claims are proved in lemmata 1.3, 1.4, 1.5, and 1.6. ⊓⊔
1.3. Lemma. L(H) : [G,H]p −→ [G,K]p is a Gray-functor for H a Gray-functor, i.e. a
0-cell of [[G,H]p, [G,K]p]p.
Proof. This is obvious from H being a Gray-functor. ⊓⊔
1.4. Lemma. Let β : H −→ H ′ be a pseudo-transformation, i.e. a 1-cell in [H,K]p, then
L(β) : L(H) −→ L(H ′), is a pseudo-transformation (2.3) in a canonical way L(β) : L(H) −→
L(H ′) i.e. a 1-cell in [[G,H]p, [G,K]p]p.
Proof. First we give the details of definition of L(β) according to (3) and (4):
1. On 0-cellsG of [G,H]p we get pseudo-transformations L(β)G : L(H)(G) −→ L(H ′)(G)
by whiskering
L(β)G = β ∗−1 G (5)
by our definition (3) above. According to section 4 the components at cells of G are
(L(β)G)x = βGx, (L(β)G)(f) = βGf , (L(β)G)ϕ = βGϕ and 2-cocycle (L(β)G)2f ′,f =
β2Gf ′,Gf . And by theorem 4.1 β ∗−1 G : HG −→ H
′G is a pseudo-modification, i.e. a
1-cell in [G,K]p.
2. On 1-cells definition (3) α : G −→ G′ of [G,H]p yields 2-cells in [G,K]p as follows:
L(H)(G)
L(β)G //
L(H)(α)

L(H ′)(G)
L(H′)(α)
L(β)α
t| ♣♣♣♣
L(H)(G′)
L(β)G′
// L(H ′)(G′)
=
HG
β∗−1G//
H∗−1α

H ′G
H′∗−1α
β∗−1α
w ✈✈
HG′
β∗−1G
′
// H ′G′
. (6)
We note that by 4.1 β ∗−1 α is a pseudo-modification, i.e. a 2-cell in [G,K]p.
43. On 2-cells A : α =⇒ α′ of [G,H]p definition (3) gives us
L(H)(G)
L(β)G //
L(H)(α)

L(H)(α′)
&&
L(H ′)(G)
L(H′)(α)

L(β)α
u} rrrr
L(H)(G′)
L(β)G′
// L(H ′)(G′)
L(H)(A)
ks
L(H)(G)
L(β)G //
L(H)(α′)

L(H ′)(G)
L(H′)(α′)

L(β)α′
u} rrrr L(H′)(α)
xx
L(H)(G′)
L(β)G′
// L(H ′)(G′)
L(H′)(A)
ksL(β)A❴*4
=
HG
β∗−1G //
H∗−1α

H∗−1α
′
''
H ′G
H′∗−1α

β∗−1α
x  ①①
HG′
β∗−1G
′
// H ′G′
H∗−1A
ks
HG
β∗−1G //
H∗−1α
′

H ′G
H′∗−1α
′

β∗−1α
′
x  ①① H′∗−1α
ww
HG′
β∗−1G
′
// H ′G′
H′∗−1A
ksβ∗−1A❴*4 .
(7)
4. By lemma 1.7 we get a family of perturbations indexed by composable pairs of
1-cells G α //G′ α
′
//G′′ in [G,H]p:
L(H)(G)
L(β)G //
L(H)(α)

L(H ′)(G)
L(H′)(α)

L(β)α
u} rrrr
L(H)(G′)
L(β)G′ //
L(H)(α′)

L(H ′)(G′)
L(H′)(α′)

L(β)α′
u} rrrr
L(H)(G′′)
L(β)G′′
// L(H ′)(G′′)
L(H)(G)
L(β)G //
L(H)(α′∗0α)

L(H ′)(G)
L(H′)(α′∗0α)

L(β)α′∗0α
|   
L(H)(G′′)
L(β)G′′
// L(H ′)(G′′)
L(β)2
α′,α❴*4
(8)
each definined on 0-cells x of G as (L(β)2α′,α)x = β
2
α′x,αx
, i.e.
HGx
βGx //
Hαx

H ′Gx
H′αx

βαx
v~ ✉✉✉
HG′x
βG′x //
Hα′x

H ′G′x
H′αx

βα′x
v~ ✉✉✉
HG′′x
βG′′x
// H ′G′′x
HGx
βGx //
H(α′x#0αx)

H ′Gx
H′(α′x#0αx)

βα′x#0αx
 ✝✝✝✝
HG′′x
βG′′x
// H ′G′′x
β2
α′x,αx❴*4 . (9)
5We now check the axioms for a pseudo-transformation given in 2.3.
1. We get L(β)idG = idL(β)G because β ∗−1 idG = idβ∗−1G by 4.5.
2. For each 3-cell in [G,H]p, i.e. a perturbation Γ: A ⇛ A′ : α =⇒ α′ the following
square commmutes:
L(H)(G)
L(β)G //
L(H)(α)

L(H)(α′)
**
L(H ′)(G)
L(H′)(α)

L(β)α
u} rrrr
L(H)(G′)
L(β)G′
// L(H ′)(G′)
L(H)(A)
ks
L(H)(G)
L(β)G //
L(H)(α′)

L(H ′)(G)
L(H′)(α′)

L(β)α′
u} rrrr L(H′)(α)
tt
L(H)(G′)
L(β)G′
// L(H ′)(G′)
L(H′)(A)
ks
L(H)(G)
L(β)G //
L(H)(α)

L(H)(α′)
**
L(H ′)(G)
L(H′)(α)

L(β)α
u} rrrr
L(H)(G′)
L(β)G′
// L(H ′)(G′)
L(H)(A′)
ks
L(H)(G)
L(β)G //
L(H)(α′)

L(H ′)(G)
L(H′)(α′)

L(β)α′
u} rrrr L(H′)(α)
tt
L(H)(G′)
L(β)G′
// L(H ′)(G′)
L(H′)(A′)
ks
L(β)A❴ *4
L(β)A′
❴ *4
(L(β)G′ ∗0L(H)(Γ))
∗1L(β)α
✤

L(β)α′
∗1(L(H′)(Γ)∗0L(β)G)
✤

.
(10)
By definition the components in (10) are given by
HG
β∗−1G //
H∗−1α

H∗−1α
′
++
H ′G
H′∗−1α

β∗−1α
x  ①①①
HG′
β∗−1G
′
//H ′G′
H∗−1A
ks
HG
β∗−1G //
H∗−1α
′

H ′G
H′∗−1α
′

β∗−1α
′
x  ①①① H′∗−1α
ss
HG′
β∗−1G
′
//H ′G′
H′∗−1A
ks
HG
β∗−1G //
H∗−1α

H∗−1α
′
++
H ′G
H′∗−1α

β∗−1α
x  ①①
HG′
β∗−1G
′
//H ′G′
H∗−1A
′
ks
HG
β∗−1G //
H∗−1α
′

H ′ ∗−1 G
H′∗−1α
′

β∗−1α
′
v~ ✉✉✉ H′∗−1α
ss
HG′
β∗−1G
′
//H ′G′
H′∗−1A
′
ks
β∗−1A❴*4
β∗−1A
′
❴*4
((β∗−1G′)∗0(H∗−1Γ))
∗1(β∗−1α)
✤

(β∗−1α′)
∗1((H′∗−1Γ)∗0(β∗−1G))
✤

.
(11)
6Since this is an equation of perturbations it is sufficient to compare their values at
0-cells x of G:
HGx
βGx //
Hαx

Hα′x
++
H ′Gx
H′αx

βαx
w ✈✈✈✈
HG′x
βG′x
// H ′G′
HAx
ks
HGx
βGx //
Hα′x

H ′Gx
H′α′x

βα′x
w ✈✈✈✈ H′αx
ss
HG′x
βG′x
// H ′G′x
H′Ax
ks
HGx
βGx //
Hαx

Hα′x
++
H ′Gx
H′αx

βαx
w ✈✈✈
HG′x
βG′x
// H ′G′x
HA′x
ks
HGx
βGx //
Hα′x

H ′Gx
H′α′x

βα′x
w ✈✈✈ H′αx
ss
HG′x
βG′x
// H ′G′x
H′A′x
ks
βAx❴*4
βA′x
❴*4
(βG′x#0HΓx)
#1βαx
✤

βα′x
#1(H′Γx#0βGx)
✤

, (12)
which holds by (63).
3. A similar argument serves to verify equations (64) and (65).
4. We check that L(β)2 as given by (8) satisfies the cocycle condition (66). But this is
assured by the same condition for β2: (13) holds for all 0-cells x in G. Hence L(β)2 is
a 2-cocycle with components L(β)2α′,α : (L(β)α′ ∗0 L(G)(α))∗1(L(G
′)(α′) ∗0 L(β)α)⇛
L(β)α′∗0α.
The cocycle L(β)2 is also normalized, i.e. satisfies (67) because β2 is so.
5. Finally we check compatibility of the cocycle L(β)2 with whiskering of 2-cells, as
shown in (68) and (69). Again, this it suffices to check on 0-cells x of [G,H]p and β
being a pseudo-transformation.
This completes the proof that L(β) is a pseudo-transformation. ⊓⊔
1.5. Lemma. For a 2-cell in [H,K]p, i.e. a pseudo-modification, L(B) is a pseudo-
modification (2.4) L(B) : L(β) =⇒ L(β ′)
Proof. We begin by stating the defining components of L(B):
1. On 0-cells G of [G,H]p
L(H)(G)
L(β)G
''
L(β′)G
77
L(H ′)(G)L(B)G = H ∗−1 G
β∗−1G
''
β′∗−1G
77
H ′ ∗−1 GB∗−1G , (14)
HGx
βGx //
Hαx

H ′Gx
H′αx

βαx
v~ tttt
HG′x
βG′x //
Hα′x

H ′G′x
H′α′x

βα′x
v~ tttt
HG′′x
βG′′x //
Hα′′x

H ′G′′x
H′α′′x

βα′′x
v~ tttt
HG′′′x
βG′′′x
// H ′G′′′x
HGx
βGx //
H(α′x#0αx)

H ′Gx
H′(α′x#0αx)

βα′x#0αx
v~ tttt
HG′′x
βG′′x //
Hα′′x

H ′G′′x
H′α′′x

βα′′x
v~ tttt
HG′′′x
βG′′′x
// H ′G′′′x
HGx
βGx //
Hαx

H ′Gx
H′αx

βαx
v~ tttt
HG′x
βG′x //
H(α′′x#0α
′
x)

H ′G′x
H′(α′′x#0α
′
x)

βα′′x#0α
′
x
v~ tttt
HG′′′x
βG′′′x
// H ′G′′′x
HGx
βGx //
H(α′′x#0α
′
x#0αx)

H ′Gx
H′(α′′x#0α
′
x#0αx)

βα′′x#0α
′
x#0αx
✆✆✆✆✆
✆~
HG′′′x
βG′′′x
// H ′G′′′x
(βα′′x
#0Hα′x#0Hαx)
#1(H′α′′x#0β
2
α′x,αx
)
❴ *4
(β2
α′′x,α
′
x
#0Hα′x)
#1(H′α′′x#0H
′α′x#0βαx )
✤

β2
α′′x#0α
′
x,αx
❴ *4
β2
α′′x,α
′
x#0αx
✤

(13)
7
82. on 1-cells α of [G,H]p
L(H)(G)
L(β)G
((
L(β′)G
66
L(H)(α)

L(H ′)(G)
L(H′)(α)
L(β)α′
px ✐✐✐✐
L(H)(G′)
L(β′)G′
66
L(H ′)(G′)
L(B)G L(H)(G)
L(β)G
((
L(H)(α)

L(H ′)(G)
L(H′)(α)

L(β)α
px ✐✐✐✐
L(H)(G′)
L(β)G′
((
L(β′)′G
66
L(H ′)(G′)L(B)G′
L(B)α❴ *4
=
HG
β∗−1G
%%
β′∗−1G
::
H∗−1α

H ′G
H′∗−1α
β∗−1α′
rz ❧❧❧❧
HG′
β′∗−1G
′
::H
′G′
B∗−1G HG
β∗−1G
%%
H∗−1α

H ′G
H′∗−1α

β∗−1α
rz ❧❧❧❧
HG′
β∗−1G
′
%%
β′∗−1G
′
::H
′G′B∗−1G′
B∗−1α❴ *4 . (15)
And we verify the axioms for this to constitute a pseudo-modification:
1. L(B)idG = idL(B)G by B ∗−1 idG = idB∗−1G from 4.5.
2. Compatibility of L(B) with the cocycles L(β)2 and L(β ′)2, i.e. (73), is assured by
B being a pseudo-modification.
3. For 2-cells A : α =⇒ α′ : G −→ G′ in [G,H]p (74) holds because it does so for B. ⊓⊔
1.6. Lemma. For every 3-cell ∆: B ⇛ B′ : β =⇒ β ′ of [H,K]p, L(∆) is a perturbation
L(∆): L(B)⇛ L(B′).
Proof. The components of L(∆) are given by L(∆)G = ∆∗−1G. But then L(∆) satisfies
the perturbation condition (76) because ∆ does so for every G and for every x. ⊓⊔
We define
(L(β)α)x = GHx
βHx
??⑧⑧⑧⑧⑧⑧⑧⑧⑧
Gαx ❄
❄❄
❄❄
❄❄
❄❄
G′Hx
G′αx
❄
❄❄
❄❄
❄❄
❄❄
βαx
GH ′x
βH′x
??⑧⑧⑧⑧⑧⑧⑧⑧⑧
G′H ′x , (16)
replace with ref to appendix
(L(β)α)f = (β ∗−1 α)f
GHx
βHx
??⑧⑧⑧⑧⑧⑧⑧⑧
Gαx
❄❄
❄
❄
❄❄
GHf
✤✤
✤✤
✤✤
✤
✤
✤ ✤
✤ ✤
✤
G′Hx
G′αx
❄
❄❄
❄❄
❄❄
βαx
GHy
Gαy ❄
❄❄
❄❄
❄❄
GH ′x
βH′x⑧⑧⑧
??⑧⑧⑧
GH′f

Gαf
{ ⑧⑧
G′H ′x
G′H′f

βH′f ✔
✔✔✔
GH ′
βH′y
??⑧⑧⑧⑧⑧⑧⑧
G′H ′y
GHx
βHx
??⑧⑧⑧⑧⑧⑧⑧⑧
Gαx
❄❄
❄
❄
❄❄
GHf
✤✤
✤✤
✤✤
✤
✤
✤ ✤
✤ ✤
✤
G′Hx
G′αx
❄
❄❄
❄❄
❄❄
GHy
Gαy ❄
❄❄
❄❄
❄❄
GH ′x
GH′f

Gαf
{ ⑧⑧
G′H ′x
G′H′f

βH′f#0αx
{ ⑧⑧
GH ′
βH′y
??⑧⑧⑧⑧⑧⑧⑧
G′H ′y
GHx
βHx
??⑧⑧⑧⑧⑧⑧⑧⑧
GHf
✤✤
✤✤
✤✤
✤
✤
✤ ✤
✤ ✤
✤
G′Hx
G′αx
❄
❄❄
❄❄
❄❄
G′Hf
✤ ✤
✤ ✤
✤✤
✤
✤ ✤
✤✤
✤
GHy
Gαy ❄
❄❄
❄❄
❄❄
G′Hx
G′αy
❄❄
❄
❄❄
❄
βαy#0Hf
{ ⑧⑧
G′H ′x
G′H′f

G′αf
{ ⑧⑧
GH ′
βH′y
??⑧⑧⑧⑧⑧⑧⑧
G′H ′y
GHx
βHx
??⑧⑧⑧⑧⑧⑧⑧⑧
GHf
✤✤
✤✤
✤ ✤
✤
✤
✤ ✤
✤ ✤
✤
G′Hx
G′αx
❄
❄❄
❄❄
❄❄
G′Hf
✤ ✤
✤ ✤
✤✤
✤
✤✤
✤✤
✤
βHf ✔✔✔
✔
GHy
Gαy ❄
❄❄
❄❄
❄❄
βHy⑧⑧⑧
??⑧⑧⑧
G′Hx
G′αy
❄❄
❄
❄❄
❄
βαy
G′H ′x
G′H′f

G′αf
{ ⑧⑧
GH ′
βH′y
??⑧⑧⑧⑧⑧⑧⑧
G′H ′y
(βH′y
#0Gαf )
#1β2H′f,αx❴ *4
βαf
❴ *4
(β2αy#0Hf
)−1
#1(Gα′f ,βHx)❴*4 .
(17)
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We pause here to note for later reference the composites of pseudo-transformations
along the boundaries in (6), i.e. L(G′)(α)L(β)H = (G′ ∗−1 α) ∗0 (β ∗−1 H) = β ⊲ α and
L(β)H′L(G)(α) = (β ∗−1 H
′) ∗0 (G ∗−1 α) = β ⊳ α; these are given by their values on 0-,
1- and 2-cells and their 2-cocycle data. The data for β ⊲ α on 0- and 1-cells are:
GHx
βHx //
GHf

G′Hx
G′αx //
G′Hf
βHf
v~ ✉✉✉✉
G′H ′x
G′H′f
G′(αf )
v~ tttt
GHy
βHy
// G′Hy
G′αy
// G′H ′y
, (18)
on 2-cells: see (19), 2-cocycle: see (20).
For β ⊳−1 α on the other hand, the data on 0- and 1-cells are
GHx
Gαx //
GHf

GH ′x
βH′x //
GH′f
Gαf
v~ ✉✉✉
G′H ′x
G′H′f
βH′f
v~ ttt
GHy
Gαy
// GH ′y
βH′y
// G′H ′y
, (21)
on 2-cells finally, for the 2-cocycle: see (23).
In order to make sure that L(β)α as shown in (6) is indeed a pseudo-modification we
need to check the following conditions on the 3-cell components of L(β), β ⊲ α and β ⊳ α,
namely that
1. the (L(β)α)f are compatible with the (β ⊲ α)2f ′,f and (β ⊳ α)
2
f ′,f ,
2. for 2-cells ϕ : f =⇒ f ′ : x −→ y the 3-cells (L(β)α)f , (L(β)α)f ′, (β ⊲α)ϕ and (β ⊳α)ϕ
are compatible.
On 3-cells. . . i.e. L(β)Γ
1.7. Lemma. For a pair of composable 1-cells G
α //G′
α′ //G′′ in [G,H]p L(β)2α′,α is
indeed a perturbation.
(β ⊲ α)ϕ
GHx
βHx //
GHf

GHf ′
''
GHϕ
ks
G′Hx
G′αx //
G′Hf

βHf
w ✇✇
G′H ′x
G′H′f

G′(αf )
w ✈✈
GHy
βHy
// G′Hy
G′αy
// G′H ′y
GHx
βHx //
GHf ′

G′Hx
G′αx //
G′Hf ′

G′Hf

G′Hϕ
ksβHf ′
w ✇✇✇✇
G′H ′x
G′H′f

G′(αf )
w ✈✈
GHy
βHy
// G′Hy
G′αy
// G′H ′y
GHx
βHx //
GHf ′

G′Hx
G′αx //
G′Hf ′

βHf ′
w ✇✇
G′H ′x
G′H′f ′

G′H′f
xx
G′H′ϕ
ks
G′(αf )
w ✈✈
GHy
βHy
// G′Hy
G′αy
// G′H ′y
❴ *4
(G′αy#0βHϕ)
#1(G′αf#0βHx)
❴ *4
(G′αy#0βα
f ′
)
#1(G′αϕ#0βHf )
(19)
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(β ⊲ α)2f ′,f
GHx
βHx //
GHf

G′Hx
G′αx //
G′Hf

βHf✉✉v~
G′H ′x
G′H′f

G′αf
v~ tttt
GHy
βHy //
GHf ′

G′Hy
G′αy //
G′Hf ′

βHf ′
v~ ✉✉✉
G′H ′y
G′H′f ′
G′α
f ′
ttv~
GHz
βHz
// G′Hz
G′αz
// G′H ′z
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❴❴
❴❴
❴❴
❴❴
❴❴▲▲▲▲▲▲▲▲▲▲▲▲
❴❴❴❴❴❴❴❴
✠✠
GHx
βHx //
GHf

G′Hx
G′αx //
G′Hf

βHf✉✉v~
G′H ′x
G′H′f

G′αf
v~ tttt
GHy
βHy //
GHf ′

G′Hy
G′αy //
G′Hf ′

βHf ′
v~ ✉✉✉
G′H ′y
G′H′f ′
G′α
f ′
ttv~
GHz
βHz
// G′Hz
G′αz
// G′H ′z
❋❋❋❋❋❋❋❋❋❋❋❋
❴❴❴❴❴❴❴❴❴❴▲
▲▲▲
▲▲▲
▲▲▲
▲▲
❴❴
❴❴
❴❴
❴
✠✠
GHx
βHx //
GH(f ′#0f)

G′Hx
G′αx //
G′H(f ′#0f)

βH(f ′#f ) ☎☎~
G′H ′x
G′H′(f ′#0f)

G′α
f ′#0f
} ✄✄✄
GHz
βHz
// G′Hz
G′αz
// G′H ′z
❴ *4
(G′αz#0βαf#0GHf)
#1(G′αf ′⊗βαf )
#1(G′H′f ′#0G′αf#0βHx)
❴*4
(G′αz#0β2Hf ′,Hf )
#1(G′α2f ′,f#0βHx)
(20)
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(β ⊳ α)ϕ
GHx
Gαx //
GHf

GHf ′
''
GHϕ
ks
G′Hx
βH′x //
G′Hf

G(αf )
w ✇✇
G′H ′x
G′H′f

βH′f
w ✈✈✈
GHy
Gαy
// G′Hy
βH′y
// G′H ′y
GHx
Gαx //
GHf ′

G′Hx
βH′x //
G′Hf ′

G′Hf

G′Hϕ
ksG(αf ′ )
w ✇✇
G′H ′x
G′H′f

βH′f
w ✈✈✈
GHy
Gαy
// G′Hy
βH′y
// G′H ′y
GHx
Gαx //
GHf ′

G′Hx
βH′x //
G′Hf ′

Gαf ′
w ✇✇
G′H ′x
G′H′f ′

G′H′f
xx
G′H′ϕ
ks
βH′f ′
w ✈✈✈
GHy
Gαy
// G′Hy
βH′y
// G′H ′y
❴ *4
(βH′y#0Gαϕ)
#1(βH′f#0Gαx)
❴ *4
(βH′y#0Gαf ′)
#1(βHϕ#0Gαx)
(22)
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(β ⊳ α)2f ′,f
GHx
Gαx //
GHf

GH ′x
βH′x //
GH′f

Gαf✉✉v~
G′H ′x
G′H′f

βH′f
v~ ttt
GHy
Gαy //
GHf ′

GH ′y
βH′x //
GH′f ′

Gα′f
v~ ✉✉✉
G′H ′y
G′H′f ′
βH′f ′
ttv~
GHz
Gαz
// GH ′z
βH′z
// G′H ′z
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❴❴
❴❴
❴❴
❴❴
❴❴▲▲▲▲▲▲▲▲▲▲▲▲
❴❴❴❴❴❴❴❴
✠✠
GHx
Gαx //
GHf

GH ′x
βH′x //
GH′f

Gαf✉✉v~
G′H ′x
G′H′f

βH′f
v~ ttt
GHy
Gαy //
GHf ′

GH ′y
βH′x //
GH′f ′

Gα′f
v~ ✉✉✉
G′H ′y
G′H′f ′
βH′f ′
ttv~
GHz
Gαz
// GH ′z
βH′z
// G′H ′z
❋❋❋❋❋❋❋❋❋❋❋❋
❴❴❴❴❴❴❴❴❴❴▲
▲▲▲
▲▲▲
▲▲▲
▲▲
❴❴
❴❴
❴❴
❴
✠✠
GHx
Gαx //
GH(f ′#0f)

GH ′x
βH′x //
GH′(f ′#0f)

Gαf ′#0f ☎☎~
G′H ′x
G′H′(f ′#0f)

βH′(f ′#0f)
} ✄✄✄
GHz
Gαz
// GH ′z
βH′z
// G′H ′z
❴ *4
(βH′z#0Gαf ′#0GHf)
#1(βH′f ′⊗Gαf )
#1(G′H′f ′#0βH′f#0Gαx)
❴*4
(βH′z#0Gα
2
f ′,f
)
#1(β2H′f ′,H′f#0Gαx)
(23)
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Proof. We need to verify that L(β)2α′,α with (L(β)
2
α′,α)x = β
2
α′x,αx
satisfies (76). That is,
we need to verify that for every x we have a commuting diagram:
L(H)(G)x
(L(H′)(α′∗0α)∗0L(β)G)x
''
(L(β)G′′∗0L(H)(α
′∗0α))x
77
L(H)(G)f


(L(β)α′∗0L(H)(α))
∗1(L(H′)(α′)∗0L(β)α)x
L(H ′)(G′′)x
L(H′)(G′′)f

v~ ✉✉✉✉
(L(β)G′′ ∗0L(H)(α
′∗0α))f
L(H)(G)y
(L(β)G′′ ∗0L(H)(α
′∗0α))y
77
L(H ′)(G′′)y
L(H)(G)x
(L(H′)(α′∗0α)∗0L(β)G)x
''
L(H)(G)f

L(H ′)(G′′)x
L(H′)(G′′)f

v~ ✉✉✉
(L(H′)(α′∗0α)∗0L(β)G)f
L(H)(G)x
(L(H′)(α′∗0α)∗0L(β)G)y
''
(L(β)G′′ ∗0L(H)(α
′∗0α))y
77
L(H ′)(G′′)y
(L(β)α′∗0L(H)(α))
∗1(L(H′)(α′)∗0L(β)α)y
L(H)(G)x
(L(H′)(α′∗0α)∗0L(β)G)x
''
(L(β)G′′ ∗0L(H)(α
′∗0α))x
77
L(H)(G)f


(L(β)α′∗0α
)x
L(H ′)(G′′)x
L(H′)(G′′)f

v~ ✉✉✉
(L(β)G′′∗0L(H)(α
′∗0α))f
L(H)(G)y
(L(β)G′′ ∗0L(H)(α
′∗0α))y
77
L(H ′)(G′′)y
L(H)(G)x
(L(H′)(α′∗0α)∗0L(β)G)x
''
L(H)(G)f

L(H ′)(G′′)x
L(H′)(G′′)f

v~ ✉✉✉✉
(L(H′)(α′∗0α)∗0L(β)G)f
L(H)(G)y
(L(H′)(α′∗0α)∗0L(β)G)y
''
(L(β)G′′∗0L(H)(α
′∗0α))y
77
L(H ′)(G′′)y
(L(β)α′∗0α
)y
❴*4
(L(β)G′′∗0L(H)(α
′∗0α))f
#1(L(H′)(G′′)f#0(L(β)2α′ ,α)x)
(L(β)α′∗0α
)f✤

((L(β)α′ ∗0L(H)(α))
∗1(L(H′)(α′)∗0L(β)α))f
✤

❴*4
((L(β)2
α′ ,α
)y#0L(H)(G)f)
#1(L(H′)(α′∗0α)∗0L(β)G)f
.
(24)
This commutes by (25). ⊓⊔
♦♦♦♦♦♦♦
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
♦♦♦♦♦♦♦
❑❑❑
❑❑❑ ♦♦♦♦♦♦♦
❑❑❑
❑❑❑ ♦♦♦♦♦♦♦
βαx
βα′xHαf
Hα′f βG′′f
♦♦♦♦♦♦♦
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
♦♦♦♦♦♦♦
❑❑❑
❑❑❑ ♦♦♦♦♦♦♦
❑❑❑
❑❑❑
βαx
βG′′f#0α
′
x
Hαf
Hα′f
♦♦♦♦♦♦♦
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
♦♦♦♦♦♦♦
❑❑❑
❑❑❑ ♦♦♦♦♦♦♦
❑❑❑
❑❑❑
βαx
Hαf H
′α′f
βα′y#0G′f
❈❈
❈❈❚❚❚❚
✌✌
♦♦♦♦♦♦♦
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
♦♦♦♦♦♦♦
❑❑❑
❑❑❑ ♦♦♦♦♦♦♦
♦♦♦
♦♦♦
♦
❑❑❑
❑❑❑
βαx
Hαf H
′α′fβG′f
βα′y
❈❈
❈❈❚❚❚❚
✌✌
❉❉❉❉❚
❚❚❚
✌✌
♦♦♦♦♦♦♦
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
♦♦♦♦♦♦♦
❑❑❑
❑❑❑ ♦♦♦♦♦♦♦
♦♦♦
♦♦♦
♦
❑❑❑
❑❑❑
βαx
Hαf H
′α′fβG′f
βα′y
❈❈
❈❈❚❚❚❚
✌✌
❉❉
❉❉❚❚❚❚
✌✌
♦♦♦♦♦♦♦
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
♦♦♦♦♦♦♦
❑❑❑
❑❑❑
❑❑❑
❑❑❑ ♦♦♦♦♦♦♦
βα′x#0αx
Hαf
Hα′f βG′′f
♦♦♦♦♦♦♦
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
♦♦♦♦♦♦♦
❑❑❑
❑❑❑ ♦♦♦♦♦♦♦
❑❑❑
❑❑❑
βαx
Hαf H
′α′f
βα′y#0G′f
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❚❚❚
✌✌
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❑❑❑
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Hαf H
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❉❉❉❉❚
❚❚❚
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♦♦♦
♦♦♦
♦
❑❑❑
❑❑❑
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Hαf H
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❈❈❈❈❚
❚❚❚
✌✌
❉❉
❉❉❚❚❚❚
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❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
♦♦♦♦♦♦♦
❑❑❑
❑❑❑
❑❑❑
❑❑❑
H′αf
H′α′f
βα′y#0αy#0βGf
♦♦♦♦♦♦♦
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
♦♦♦♦♦♦♦
♦♦♦
♦♦♦
♦
❑❑❑
❑❑❑
❑❑❑
❑❑❑
βGf H
′αf
H′α′f
βα′y#0αy
♦♦♦♦♦♦♦
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
❑❑❑
♦♦♦♦♦♦♦
♦♦♦
♦♦♦
♦
❑❑❑
❑❑❑
♦♦♦
♦♦♦
♦
❑❑❑
❑❑❑
βGf H
′αf
H′α′f
βαy
βα′y
✤

❴*4
✤

❄'
❄❄❄
♦2>♦♦♦♦♦♦
✔CO✔✔ ✔✔✔✔
❴*4
✤
✤

❴ *4
✤

❴ *4
✎  ✎✎✎
✎✎✎
❴*4
✤

❴ *4
✤

❴ *4
❴jt
✤

✤

✤

❴jt
❥o{ ❥❥❥❥❥❥ ✤

❴jt
(66)
(66)
(66)
(68)
(69)
(64)
(25)
Verification of (24); along the top and right is ((L(β)α′ ∗0 L(H)(α)) ∗1 (L(H ′)(α′) ∗0 L(β)α))f , the three arrows along
the lower left make up (L(β)α′∗0α)f .
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1.8. Lemma. For pseudo-transformations and Gray-functors
H
H

H′ //
H′′
GG
β
β′
K
we have L(β ′) ∗0 L(β) = L(β
′ ∗0 β), diagrammatically
[G,H]p
L(H)
""
L(H′) //
L(H′′)
<<
L(β)
L(β′)
[G,K]p = [G,H]p
L(H)
&&
L(H′′)
88
L(β′∗0β) [G,K]
p . (26)
Proof. In order for the two pseudo-transformations to be equal we need their respective
defining data to coincide:
• by lemma 1.9 for all G : G −→ H
(L(β ′) ∗0 L(β))G = L(β
′)G ∗0 L(β)G = L(β
′ ∗0 β)G , (27)
• by lemma 1.10 for all α : G −→ G′
L(H)(G)
L(β)G //
L(H)(α)

L(H ′)(G)
L(β′)G//
L(H′)(α)
L(β)α
t| ♣♣♣♣
L(H ′′)(G)
L(H′′)(α)
L(β
′)α
s{ ♦♦♦♦
L(H)(G′)
L(β)G′
// L(H ′)(G′)
L(β′)G′
// L(H ′′)(G′)
=
L(H)(G)
L(β′∗0β)G //
L(H)(α)

L(H ′′)(G)
L(H′)(α)
L(β
′∗0β)α
qy ❦❦❦❦
L(H)(G′)
L(β′∗0β)G′
// L(H ′′)(G′)
,
(28)
fix notation
• by lemma ?? for all A : α =⇒ α′ the equation of 3-cells (29) holds,
• by lemma 1.12, finally, equation (30) holds for all composable pairs α : H =⇒ H ′,
α′ : H ′ =⇒ H ′′. ⊓⊔
In the sequel we prove the lemmas that constitute the substance of the above proof.
1.9. Lemma. L(β ′)H ∗0 L(β)H = L(β
′ ∗0 β)H for all H : G −→ H.
L(G)(H)
L(β)H //
L(G)(α)

L(G)(α′)
++
L(G)(A)
ks
L(G′)(H)
L(β′)H //
L(G′)(α)
L(β)α
t| ♣♣♣♣
L(G′′)(H)
L(G′′)(α)
L(β
′)α
t| ♣♣♣♣
L(G)(H ′)
L(β)H′
// L(G′)(H ′)
L(β′)H′
// L(G′′)(H ′)
L(G)(H)
L(β)H //
L(G)(α′)

L(G′)(H)
L(β′)H //
L(G′)(α′)
%%
L(G′)(α)
yyL(G
′)(A)
ksL(β)α′
t| ♣♣♣♣
L(G′′)(H)
L(G′′)(α)

L(β′)α
t| ♣♣♣♣
L(G)(H ′)
L(β)H′
// L(G′)(H ′)
L(β′)H′
// L(G′′)(H ′)
L(G)(H)
L(G)(α′)

L(β)H // L(G′)(H)
L(β′)H //
L(G′)(α′)
L(β)α′
t| ♣♣♣♣
L(G′′)(H)
L(G′′)(α′)

L(G′′)(α)
ss
L(G′′)(A)
ks
L(β′)α′
t| ♣♣♣♣
L(G)(H ′)
L(β)H′
// L(G′)(H ′)
L(β′)H′
// L(G′′)(H ′)
(L(β′)H′∗0L(β)A)
∗1(L(β′)α)∗0L(β)H✈4C✈✈✈✈
(L(β′
H′
)∗0L(β)α′ )
∗1(L(β′)A∗0L(β)H )
❍*
❍❍❍❍
=
L(G)(H)
L(β′∗0β)H //
L(G)(α)

L(G)(α′)
++
L(G)(A)
ks
L(G′′)(H)
L(G′′)(α)
L(β
′∗0β)α
qy ❦❦❦❦
L(G)(H ′)
L(β′∗0β)H′
// L(G′′)(H ′)
L(G)(H)
L(β′∗0β)H //
L(G)(α′)

L(G′′)(H)
L(G′′)(α′)

L(G′′)(α)
ss
L(β′∗0β)α′
qy ❦❦❦❦
L(G′′)(A)
ks
L(G)(H ′)
L(β′∗0β)H′
// L(G′′)(H ′)
L(β′∗0β)A
❴ *4
(29)
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L(G)(H)
(L(β′)∗0L(β))H //
L(G)(α)

L(G′′)(H)
L(G′′)(α)

(L(β′)∗0L(β))α
qy ❦❦❦❦
L(G)(H ′)
(L(β′)∗0L(β))H′ //
L(G)(α′)

L(G)(H ′′)
L(G′′)(α′)
(L(β
′)∗0L(β))α′
qy ❦❦❦❦
L(G)(H ′′)
(L(β′)∗0L(β))H′′
// L(G′′)(H ′′)
L(G)(H)
L(β)H //
L(G)(α)

L(G′)(H)
L(β′)H //
L(G′)(α)

L(β)α♣♣t|
L(G′′)(H)
L(G′′)(α)
L(β
′)α
s{ ♦♦♦♦
L(G)(H ′)
L(β)H′ //
L(G)(α′)

L(G′)(H ′)
L(β′)H′ //
L(G′)(α′)
L(β)α′
t| ♣♣♣♣
L(G)(H ′′)
L(G′′)(α′)
L(β
′)α′
♦♦s{
L(G)(H ′′)
L(β)H′′
// L(G′)(H ′′)
L(β′)H′′
// L(G′′)(H ′′)
▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼
❴❴❴❴❴❴❴❴❴❴❴❴❴❴
PPP
PPP
PPP
PPP
PPP
P
❴❴❴
❴❴❴
❴❴❴
❴❴❴
✍✍
L(G)(H)
L(β)H //
L(G)(α′∗0α)

L(G′)(H)
L(β′)H //
L(G′)(α′∗0α)

L(β)α′∗0α
z ⑤⑤
L(G′′)(H)
L(G′′)(α′∗0α)

L(β′)α′∗0α
y ④④
L(G)(H ′′)
L(β)H′′
// L(G′)(H ′′)
L(β′)H′′
// L(G′′)(H ′′)
❴*4
(L(β′)H′′∗0L(β)α′∗0L(G)(α))
∗1(L(β′)α′⊗L(β)α)
∗1(L(G′′)(α′)∗0L(β′)(α)∗0L(β)H )
❴*4
(L(β′)H′′∗0L(β)
2
α′,α
)
∗1(L(β′)2α′,α∗0L(β)H )
=
L(G)(H)
L(β′∗0β)H //
L(G)(α)

L(G′′)(H)
L(G′′)(α)
L(β
′∗0β)α
qy ❦❦❦❦
L(G)(H ′)
L(β′∗0β)H′ //
L(G)(α′)

L(G)(H ′′)
L(G′′)(α′)
L(β
′∗0β)α′
qy ❦❦❦❦
L(G)(H ′′)
L(β′∗0β)H′′
// L(G′′)(H ′′)
L(G)(H)
L(β′∗0β)H //
L(G)(α′∗0α)

L(G′′)(H)
L(G′′)(α′∗0α)

L(β′∗0β)α′∗0α
v~ tttt
L(G)(H ′′)
L(β′∗0β)H′′
// L(G′′)(H ′′)
L(β′∗0β)2α′,α
❴ *4 (30)
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Proof. On 0-cells, which are Gray-functorsH : G −→ H: we have a pseudo-transformation
(L(β ′) ∗0 L(β))H : GH −→ G
′′H given on 0-cells x of G by
((L(β ′) ∗0 L(β))H)x = ((β
′ ∗−1 H) ∗0 (β ∗−1 H))x = β
′
Hx#0βHx , (31)
on 1-cells f : x −→ y
((L(β ′) ∗0 L(β))H)f = ((β
′ ∗−1 H) ∗0 (β ∗−1 H))f =
GHx
βHx //
GHf

G′Hx
β′Hx //
G′Hf
βHf
v~ ✉✉✉
G′′Hx
G′′Hf
β′Hf
v~ ttt
GHy
βHy
// G′Hy
β′Hy
// G′′Hy
,
(32)
on 2-cells by the diagram (33). On composable 1-cells f ′, f from G we get the 2-cocycle
shown in (34).
Now let us consider the right hand side of (27), that is, we need to give L(β ′ ∗0 β)H ;
this is simply substituting images under H into the composite spelled out in section 3,
which is given on 0-cells by
(L(β ′ ∗0 β)H)x = ((β
′ ∗0 β) ∗−1 H)x = (β
′ ∗0 β)Hx = β
′
Hx#0βHx , (35)
on 1-cells f : x −→ y by
(L(β ′ ∗0 β)H)f = ((β
′ ∗0 β) ∗−1 H)f
= (β ′ ∗0 β)Hf =
GHx
βHx //
GHf

G′Hx
β′Hx //
G′Hf
βHf
v~ ✉✉✉✉
G′′Hx
G′′Hf
β′Hf
v~ tttt
GHy
βHy
// G′Hy
β′Hy
// G′′Hy
, (36)
on 2-cells ϕ : f =⇒ f ′ by
(L(β ′ ∗0 β)H)ϕ = ((β
′ ∗0 β) ∗−1 H)ϕ = (β
′ ∗0 β)Hϕ
with details given in (37),
For composable pairs of 1-cells f ′, f we first consider the 2-cocycle associated to the
pseudo-transformation β ′ ∗0 β : G −→ G′′: ⊓⊔
1.10. Lemma. For pseudo-transformations α : G =⇒ G′ (28) holds.
((L(β ′) ∗0 L(β))H)ϕ = (β
′ ∗0 β)Hϕ
GHx
βHx //
GHf

GHf ′
))
GHϕ
ks
G′Hx
β′Hx //
G′Hf
βHf
v~ ✉✉✉
G′′Hx
G′′Hf
β′Hf
v~ tttt
GHy
βHy
// G′Hy
β′Hy
// G′′Hy
GHx
βHx //
GHf ′

G′Hx
β′Hx //
G′Hf ′

G′Hf

βHf ′
v~ ✉✉✉ G′Hϕ
ks
G′′Hx
G′′Hf

β′Hf
v~ tttt
GHy
βHy
// G′Hy
β′Hy
// G′′Hy
GHx
βHx //
GHf ′

G′Hx
β′Hx //
G′Hf ′
βHf ′
v~ ✉✉✉
G′′Hx
G′′Hf ′

G′′Hf
ss
β′
Hf ′
v~ tttt
G′′Hϕ
ks
GHy
βHy
// G′Hy
β′Hy
// G′′Hy
❴ *4
(β′Hy#0βHϕ)
#1(β′Hf#0βHx)
❴*4
(β′Hy#0βHf ′)
#1(β′Hϕ#
′
0βHx)
(33)
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(L(β ′) ∗0 L(β))
2
f ′,f = (β
′ ∗0 β)
2
Hf ′,Hf tensor goes the wrong way? should be ((L(β
′) ∗0 L(β))H)
2
f ′,f
GHx
βHx //
GHf

G′Hx
β′Hx //
G′Hf

βHf
v~ ✉✉✉
G′′Hx
G′′Hf

β′Hf
v~ tttt
GHy
βHy //
GHf ′

G′Hy
β′Hy //
G′Hf ′
βHf ′
v~ ✉✉✉✉
G′′Hy
G′′Hf ′
β′Hf ′
v~ tttt
GHz
βHz
// G′Hz
β′Hz
// G′′Hz
❉❉❉❉❉❉❉❉❉❉❉
❴❴❴❴❴❴❴❴❑
❑❑❑
❑❑❑
❑❑❑
❑
❴❴
❴❴
❴❴
❴
✞✞
GHx
βHx //
GHf

G′Hx
β′Hx //
G′Hf

βHf
v~ ✉✉✉
G′′Hx
G′′Hf

β′Hf
v~ tttt
GHy
βHy //
GHf ′

G′Hy
β′Hy //
G′Hf ′
βHf ′
v~ ✉✉✉✉
G′′Hy
G′′Hf ′
β′Hf ′
v~ tttt
GHz
βHz
// G′Hz
β′Hz
// G′′Hz
❉❉
❉❉
❉❉
❉❉
❉❉
❉
❴❴
❴❴
❴❴
❴❴❑❑❑❑❑❑❑❑❑❑❑
❴❴❴❴❴❴❴❴
✞✞
GHx
βHx //
GH(f ′#0f)

G′Hx
β′Hx //
G′H(f ′#0f)

βH(f ′#0f)
~ ☎☎☎☎
G′′Hx
G′′H(f ′#0f)

β′
H(f ′#0f)
} ✄✄✄
GHz
βHz
// G′Hz
β′Hz
// G′′Hz
❴ *4
(β′Hz#0βHf ′#0GHf)
#1(β′Hf ′⊗βHf )
#1(G′′Hf ′#0β′Hf#0βHx)
❴*4
(β′Hz#0β
2
Hf ′,Hf
)
#1(β′2Hf ′,Hf#0βHx)
(34)
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(L(β ′ ∗0 β)H)ϕ = ((β
′ ∗0 β) ∗−1 H)ϕ = (β
′ ∗0 β)Hϕ
GHx
βHx //
GHf

GHf ′
))
GHϕ
ks
G′Hx
β′Hx //
G′Hf
βHf
v~ ✉✉✉✉
G′′Hx
G′′Hf
β′Hf
v~ tttt
GHy
βHy
// G′Hy
β′Hy
// G′′Hy
GHx
βHx //
GHf ′

G′Hx
β′Hx //
G′Hf
__
G′Hf ′
G′Hϕ
ksβf ′
v~ ✉✉✉
G′′Hx
G′′Hf

β′Hf
v~ tttt
GHy
βHy
// G′Hy
β′Hy
// G′′Hy
GHx
βHx //
GHf ′

G′Hx
β′Hx //
G′Hf ′
βf ′
v~ ✉✉✉✉
G′′Hx
G′′Hf
uu
G′′Hf ′
 G′′Hϕ
ks
β′
f ′
v~ tttt
GHy
βHy
// G′Hy
β′Hy
// G′′Hy
❴*4
(β′Hy#0βHϕ)
#1(β′Hf#0βHx)
❴ *4
(β′Hy#0βHf ′)
#1(β′Hϕ#0βHx)
(37)
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Proof. According to theorem 4.6 On 1-cells, which are pseudo-transformations α : G =⇒
G′ we get a pseudo-modification
(L(β ′) ∗0 L(β))α = (L(β
′)G′ ∗−1 L(β)α) ∗0 (L(β
′)α ∗−1 L(β)G)
=
HG
β∗−1G
??⑧⑧⑧⑧⑧⑧⑧⑧
H∗−1α ❄
❄❄
❄❄
❄❄
❄
H ′G
β′∗−1G
??⑧⑧⑧⑧⑧⑧⑧⑧
H′∗−1α
❄❄❄
❄
❄
❄❄
β∗−1α
H ′′G
H′′∗−1α
❄
❄❄
❄❄
❄❄
❄
β′∗−1α
HG′
β∗−1G
′
??⑧⑧⑧⑧⑧⑧⑧⑧
H ′G′
β′∗−1G
′
??⑧⑧⑧⑧⑧⑧⑧⑧
H ′′G′
=
HG
β∗−1G
??⑧⑧⑧⑧⑧⑧⑧⑧
H∗−1α ❄
❄❄
❄❄
❄❄
❄
H ′G
β′∗−1G
??⑧⑧⑧⑧⑧⑧⑧⑧
H ′′G
H′′∗−1α
❄
❄❄
❄❄
❄❄
❄
(β′∗0β)∗−1α
 ✔✔✔✔
HG′
β∗−1G
′
??⑧⑧⑧⑧⑧⑧⑧⑧
H ′G′
β′∗−1G
′
??⑧⑧⑧⑧⑧⑧⑧⑧
H ′′G′
= L(β ′ ∗−1 β)α . (38)
⊓⊔
On 3-cells, i.e. pseudo-modifications A : α =⇒ α′ : H −→ H ′, we get a perturbation
(L(β) ∗−1L(β))A : (L(β) ∗−1L(β))α ⇛ (L(β) ∗−1L(β))α′ , which on 0-cells of G is given by
((L(β ′) ∗0 L(β))A)x
=
GHx
βHx
??⑧⑧⑧⑧⑧⑧⑧⑧
Gαx
❄❄
❄❄
❄
❄❄
Gα′x 44
GAx
{ ⑧⑧
G′Hx
β′Hx
??⑧⑧⑧⑧⑧⑧⑧⑧
G′αx
❄❄❄
❄
❄
❄❄
βαx
G′′Hx
G′′αx
❄
❄❄
❄❄
❄❄
❄
β′αx
GH ′x
βH′x
??⑧⑧⑧⑧⑧⑧⑧⑧
G′H ′x
β′
H′x
??⑧⑧⑧⑧⑧⑧⑧⑧
G′′H ′x
GHx
βHx
??⑧⑧⑧⑧⑧⑧⑧⑧
Gα′x ❄
❄❄
❄❄
❄❄
❄
G′Hx
β′Hx
??⑧⑧⑧⑧⑧⑧⑧⑧
G′αx
G′α′x ,,
G′Ax
{ ⑧⑧
βα′x
G′′Hx
G′′αx
❄
❄❄
❄❄
❄❄
❄
β′αx
GH ′x
βH′x
??⑧⑧⑧⑧⑧⑧⑧⑧
G′H ′x
β′
H′x
??⑧⑧⑧⑧⑧⑧⑧⑧
G′′H ′x
GHx
βHx
??⑧⑧⑧⑧⑧⑧⑧⑧
Gα′x ❄
❄❄
❄❄
❄❄
❄
G′Hx
β′Hx
??⑧⑧⑧⑧⑧⑧⑧⑧
G′αx
❄❄❄
❄
❄
❄❄
βα′x
G′′Hx G
′′αx
		
G′′α′x
❄❄❄
❄
❄
❄❄
G′′Ax
{ ⑧⑧
β′
α′x
GH ′x
βH′x
??⑧⑧⑧⑧⑧⑧⑧⑧
G′H ′x
β′
H′x
??⑧⑧⑧⑧⑧⑧⑧⑧
G′′H ′x
❴*4
(β′
H′x
#0β(Ax))
#1(β′αx#0βHx)
❴ *4
(β′
H′x
#0βα′x
)
#1(β′Ax#0βHx)
.
(39)
Finally, for the pseudo-transformation L(β ′)∗0L(β) we need to give the 2-cocycle (L(β ′)∗0
L(β))2α′,α for pairs of composable 1-cells from [G,H]
p, which means that for evey compos-
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able pair α, α′ of pseudo-transformations we need to give a perturbation
GH
G∗−1α

(β′∗0β)H // G′′H
G′′∗−1α

(β′∗0β)α
w ✇✇
GH ′
G∗−1α
′

(β′∗0β)H′
// G′′H ′
G′′∗−1α
′

(β′∗0β)α′
w ✇✇
GH ′′
(β′∗0β)H′′
// G′′H ′′
GH
G∗−1(α′∗0α)

(β′∗0β)H // G′′H
G′′∗−1(α′∗0α)

(β′∗0β)α′∗0α
 ✞✞✞✞
GH ′′
(β′∗0β)H′′
// G′′H ′′
(β′∗0β)2α′,α❴*4 . (40)
This perturbation takes values on 0-cells of G:
((β ′ ∗0 β)
2
α′,α)x
=
GHx
Gαx ❄
❄❄
❄❄
❄❄
❄
β′Hx#0βHx
??⑧⑧⑧⑧⑧⑧⑧⑧
G′′Hx
G′′αx
❄
❄❄
❄❄
❄❄
❄
(β′∗0β)αx
GH ′x
Gα′x ❄
❄❄
❄❄
❄❄
❄
β′
H′x
#0βH′x⑧⑧⑧
??⑧⑧⑧
G′′H ′x
G′′α′x
❄
❄❄
❄❄
❄❄
❄
(β′∗0β)α′x
GH ′′x
β′
H′′x
#0βH′′x
??⑧⑧⑧⑧⑧⑧⑧⑧
G′′H ′′x
GHx
G(α′x#0αx)
❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
β′Hx#0βHx
??⑧⑧⑧⑧⑧⑧⑧⑧
G′′Hx
G′′(α′x#0αx)
❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
(β′∗0β)(α′∗0α)x

✭✭✭✭
GH ′′x
β′
H′′x
#0βH′′x
??⑧⑧⑧⑧⑧⑧⑧⑧
G′′H ′′x
((β′∗0β)2α′,α)x❴ *4
= GHx
βHx
??⑧⑧⑧⑧⑧⑧⑧⑧
Gαx ❄
❄❄
❄❄
❄❄
❄
G′Hx
β′Hx
??⑧⑧⑧⑧⑧⑧⑧⑧
G′αx
❄❄❄
❄
❄
❄❄
βαx 
G′′Hx
G′′αx
❄
❄❄
❄❄
❄❄
❄
β′αx
GH ′x
βH′x⑧⑧⑧
??⑧⑧⑧⑧
Gα′x ❄
❄❄
❄❄
❄❄
❄
G′H ′x
β′
H′x⑧⑧⑧
??⑧⑧⑧
G′α′x
❄❄❄
❄
❄
❄❄
βα′x
G′′H ′x
G′′α′x
❄
❄❄
❄❄
❄❄
❄
β′
α′x
GH ′′x
βH′′x
??⑧⑧⑧⑧⑧⑧⑧⑧
G′H ′′x
β′
H′′x
??⑧⑧⑧⑧⑧⑧⑧⑧
G′′H ′′x❪❪❪❪❪❪❪❪❪❪
❪❪❪❪ ⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧❛❛❛❛❛❛❛❛❛❛❛❛❛❛⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧ GHx
βHx
??⑧⑧⑧⑧⑧⑧⑧⑧
Gαx ❄
❄❄
❄❄
❄❄
❄
G′Hx
β′Hx
??⑧⑧⑧⑧⑧⑧⑧⑧
G′αx
❄❄❄
❄
❄
❄❄
βαx 
G′′Hx
G′′αx
❄
❄❄
❄❄
❄❄
❄
β′αx
GH ′x
βH′x⑧⑧⑧
??⑧⑧⑧⑧
Gα′x ❄
❄❄
❄❄
❄❄
❄
G′H ′x
β′
H′x⑧⑧⑧
??⑧⑧⑧
G′α′x
❄❄❄
❄
❄
❄❄
βα′x
G′′H ′x
G′′α′x
❄
❄❄
❄❄
❄❄
❄
β′
α′x
GH ′′x
βH′′x
??⑧⑧⑧⑧⑧⑧⑧⑧
G′H ′′x
β′
H′′x
??⑧⑧⑧⑧⑧⑧⑧⑧
G′′H ′′x❪❪❪❪❪❪❪❪❪❪❪❪❪❪⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧
❛❛❛❛❛❛❛❛❛❛❛❛❛❛ ⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧❴*4
(β′
H′′x
#0βα′x
#0Gαx)
#1(β′
α′x
⊗βαx )
#1(G′′α′x#0βHx)
.
(41)
And on 1-cells the pseudo-modifications on the left and right hand sides of (40) are given
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by
GHx
βHx
??⑧⑧⑧⑧⑧⑧⑧⑧⑧
Gαx
❄❄
❄❄
❄
❄❄
GHf
✤
✤✤
✤ ✤
✤ ✤
✤ ✤
✤ ✤
✤ ✤
✤ ✤
G′Hx
β′Hx
??⑧⑧⑧⑧⑧⑧⑧⑧⑧
G′αx
❄❄
❄❄
❄
❄❄
βαx 
G′′Hx
G′′αx
❄
❄❄
❄❄
❄❄
❄
β′αx
GHy
Gαy ❄
❄❄
❄❄
❄❄
❄
GH ′x
βH′x⑧⑧⑧
??⑧⑧⑧⑧
Gα′x
❄❄
❄❄
❄
❄❄
GH′f

Gαf
{ ⑧⑧
G′H ′x
β′
H′x⑧⑧⑧
??⑧⑧⑧⑧
G′α′x
❄❄
❄❄
❄
❄❄
βα′x 
G′′H ′x
G′′α′x
❄
❄❄
❄❄
❄❄
❄❄
β′
α′x
GH ′y
Gα′y ❄
❄❄
❄❄
❄❄
❄
GH ′′x
βH′′x⑧⑧⑧
??⑧⑧⑧⑧
GH′′f

Gα′f
{ ⑧⑧
G′H ′′x
β′
H′′x⑧⑧⑧
??⑧⑧⑧⑧
G′H′′f

βH′′f ✔
✔✔✔
G′′H ′′x
G′′H′′f

β′
H′′f
✔✔
GH ′′y
βH′′y
??⑧⑧⑧⑧⑧⑧⑧⑧
G′H ′′y
β′
H′′y
??⑧⑧⑧⑧⑧⑧⑧⑧
GH ′′y
❫❫❫❫❫❫❫❫❫❫❫❫❫❫❫ ⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧❛❛❛❛❛❛❛❛❛❛❛❛❛❛❛⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧
❘❘❘
❘❘❘
❘❘❘
❘❘
⑧⑧⑧⑧
⑧⑧⑧
⑧⑧⑧⑧
⑧⑧
❲❲❲❲❲❲❲❲❲❲❲
⑧⑧⑧⑧⑧⑧⑧⑧ ⑧⑧⑧⑧
✔✔⑧⑧ (42)
⊓⊔
A natural transformation with components
iG : [1,G]
p −→ G . (43)
An extranatural transformation with components
jG : 1 −→ [G,G]
p . (44)
2. Functors and Transformations of Gray-Categories
We collect some defintions from the literature.
2.1. Definition. [e.g. [Gray, 1974], [Crans, 1999]] A Gray-category is an enriched
category, enriched over the category of 2-catgories with the Gray-tensor product. A Gray-
functor is correspondingly an enriched functor.
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2.2. Remark. A Gray-functor G : G −→ H maps i-cells to i-cells and preserves units,
compositions, whiskers and tensors.
In more detail, this means that the following equations hold.
1. Units: for x, f, ϕ,Γ 0-,1-,2-,3-cells respectively
Gidx = idGx (45)
Gidf = idGf (46)
Gidϕ = idGϕ (47)
GidΓ = idGΓ . (48)
2. Whiskers: for suitably incident cells f, g, ϕ, ψ,Γ,∆
G(g#0ϕ) = Gg#0Gϕ (49)
G(ψ#0f) = Gψ#0Gf (50)
G(g#0Γ) = Gg#0GΓ (51)
G(∆#0f) = G∆#0Gf (52)
G(ϕ#1∆) = Gϕ#0G∆ (53)
G(Γ#1ψ) = GΓ#1Gψ . (54)
3. Composites: for suitably incident cells f, g, ϕ, ψ,Γ,∆
G(g#0f) = Gg#0Gf (55)
G(ψ#1ϕ) = Gψ#1Gϕ (56)
G(∆#2Γ) = G∆#2GΓ . (57)
4. Tensors: for 2-cells incident on a 0-cell
G(ψ⊗ϕ) = Gψ⊗Gϕ . (58)
The following notions were introduced in [Gohla, 2014] with some more generality; we
give only the ones used in this paper.
2.3. Definition. For Gray-functors F,G : G −→ H a pseudo-transformation α : F −→
G is given by the following data:
1. for each 0-cell x of G a 1-cell αx : Fx −→ Gx,
2. for each 1-cell f : x −→ y of G an invertible 2-cell
Fx
αx //
Ff

Gx
Gf
αf
y ③③
Fy αy
// Gy
(59)
28
3. for each 2-cell ϕ : f −→ f ′ of G an invertible 3-cell of H
Fx
αx //
Ff

Ff ′
**
Gx
Gf
αf
y ③③
Fy αy
// Gy
Fϕ
ks
Fx
αx //
Ff ′

Gx
Gf ′
αf ′
y ③③ Gf
tt
Fy αy
// Gy
Gϕ
ksαϕ❴ *4 (60)
4. for each pair of composable 1-cells f : x −→ y, f ′ : y −→ z an invertible 3-cell
Fx
αx //
Ff

Gx
Gf
αf
y ③③
Fy αy
//
Ff ′

Gy
αf ′
y ③③ Gf ′

Fz αz
// Gz
Fx
αx //
F (f ′#0f)

Gx
G(f ′#0f)

αf ′#0f   ✠✠✠✠
Fz αz
// Gz
α2
f ′,f❴*4 . (61)
These must satisfy the following conditions:
1. On identities of 0-cells:
αidx = idαx (62)
2. for each 3-cell Γ: ϕ −→ ϕ′ the square of 3-cells in H
Fx
αx //
Ff

Ff ′
**
Gx
Gf
αf
y ③③
Fy αy
// Gy
Fϕ
ks
Fx
αx //
Ff ′

Gx
Gf ′
αf ′
y ③③ Gf
tt
Fy αy
// Gy
Gϕ
ks
Fx
αx //
Ff

Ff ′
**
Gx
Gf
αf
y ③③
Fy αy
// Gy
Fϕ′
ks
Fx
αx //
Ff ′

Gx
Gf ′
αf ′
y ③③ Gf
tt
Fy αy
// Gy
Gϕ′
ks
αϕ❴ *4
αϕ′
❴ *4
(αy#0FΓ)#1αf ✤
 αf ′#1(GΓ#0αx)✤

(63)
commutes.
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3. For every pair ϕ : f =⇒ f ′, ϕ′ : f ′ =⇒ f ′′:
Fx
αx //
Ff

Ff ′
((
Ff ′′
,,
Gx
Gf
αf
y ③③
Fy αy
// Gy
Fϕ
ks
Fϕ′
ks
Fx
αx //
Ff ′

Ff ′′
((
Gx
Gf ′

Gf
vv
αf ′
y ③③
Fx αy
// Gy
Fϕ′
ks
Gϕ
ks
Fx
αx //
Ff ′′

Gx
Gf ′′
αf ′′
y ③③ Gf ′
vv
Gf
rrFy αy
// Gy
Gϕ
ks
Gϕ′
ks❴*4
(αy#0Fϕ′)
#1αϕ
❴*4
αϕ′
#1(Gϕ#0αx)
αϕ′#1ϕ
♦2>
,
(64)
and for identity 2-cells idf : f =⇒ f we have an identity 3-cell
αidf = idαf . (65)
4. The family of 3-cells has to satisfy a kind of cocycle condition: For a composable
triple f, f ′, f ′′ of 1-cells α2 has to satisfy equation (66). furthermore, α2 has to
satisfy the normalization condition:
α2f ′,f =
{
idαf if f
′ = idy
idαf ′ if f = idx
(67)
5. The family of 3-cells α2 has to be compatible with left and right whiskering according
to (68) and (69).
2.4. Definition. A pseudo-modification A : α =⇒ α′ between pseudo-modifications
in the sense of definition 2.3 is given by the following data:
1. For every 0-cell x in G a 2-cell
Fx
αx

βx
CCGxAx (70)
2. For every 1-cell f : x −→ y a 3-cell in H
Fx
αx

βx
CC
Ff

Gx
Gf

βf
③③
yFy
βy
AAGy
Ax Fx
αx

Ff

Gx
Gf

αf
③③
y
Fy
αy

βy
AAGy
Ay
Af❴ *4 (71)
Fx
αx //
Ff

Gx
Gf

αf
y ④④
Fy
αy //
Ff ′

Gy
Gf ′

αf ′
y ④④
Fz
αz //
Ff ′′

Gz
Gf ′′

αf ′′
y ③③
Fw αw
// Gw
Fx
αx //
F (f ′#0f)

Gx
G(f ′#0f)

αf ′#0f
y ③③
Fz
αz //
Ff ′′

Gz
Gf ′′

αf ′′
y ③③
Fw αw
// Gw
Fx
αx //
Ff

Gx
Gf

αf
y ④④
Fy
αy //
F (f ′′#0f ′)

Gy
G(f ′′#0f ′)

αf ′′#0f ′
y ④④
Fw αw
// Gw
Fx
αx //
F (f ′′#0f ′#0f)

Gx
G(f ′′#0f ′#0f)

αf ′′#0f ′#0f
✡✡✡✡✡
✡	
Fw αw
// Gw
(αf ′′#0F (f
′#0f))
#1(Gf ′′#0α2f ′,f )
❴ *4
(α2
f ′′,f ′
#0Ff)
#1(G(f ′′#0f ′)#0αf )
✤

α2
f ′′#0f
′,f
❴ *4
α2
f ′′,f ′#0f
✤

(66)
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Fx
αx //
Ff

Gx
Gf
αf
y ③③
Fy αy //
Fg

Fg′
((
Gy
Gg′
αg
y ③③
Fz αz
// Gz
Fγ
ks
Fx
αx //
Ff

Gx
Gf
αf
y ③③
Fy αy //
Fg′

Gy
Gg′′
αg′
y ③③ Gg′
vv
Fz αz
// Gz
Gγ
ks
✷✷
✷✷
✷✷❅❅❅❅❅❅
❴❴❴❴
❴❴❴❴
①①❴
❴
Fx
αx //
Ff

Gx
Gf
αf
y ③③
Fy αy //
Fg′

Gy
Gg′′
αg′
y ③③ Gg′
vv
Fz αz
// Gz
Gγ
ks
✷✷✷✷✷✷ ❅
❅❅
❅❅
❅
❴❴
❴❴
❴❴
❴❴
①①
Fx
αx //
F (g′#0f)

Gx
G(g′#0f)

G(g#0f)
xx
αg′#0f
  ✠✠✠✠
G(γ#0f)mu ❝❝❝❝
Fz αz
// Gz
Fx
αx //
Ff

F (g′#0f)
((
Gx
Gf
αf
y ③③
Fy αy //
Fg

Gy
Gg′
αg
y ③③
Fz αz
// Gz
F (γ#0f)
ks
Fx
αx //
F (g′#0f)

F (g′#0f)
))
F (γ#0f)ks
Gx
G(g#0f)

αg#0f
  ✠✠✠✠
Fz αz
// Gz
❴ *4
(αγ#0Ff)
#1(Gg′#0αf )
❴ *4
(αg′#0Ff)
#1(Gγ⊗αf )
❴*4
α2
g′,f
#1(G(γ#0f)#0αx)
❴ *4
(αz#0F (γ#0f))
#1α2g,f
t4Bttttt
αγ#0f
(68)
Compatibility of the cocycle α2 with left whiskers γ#0f .
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Fx
αx //
Ff

Ff ′
((
Fδ
ks
Gx
Gf
αf
y ③③
Fy αy //
Fg

Gy
Gg
αg
y ③③
Fz αz
// Gz
❄❄❄❄❄❄❄
❴❴❴❴❴❑
❑❑❑
❑❑❑
❴❴
❴❴
❴
✆✆
Fx
αx //
Ff

Ff ′
((
Fδ
ks
Gx
Gf
αf
y ③③
Fy αy //
Fg

Gy
Gg
αg
y ③③
Fz αz
// Gz
❄❄
❄❄
❄❄
❄
❴❴
❴❴
❴
❑❑❑❑❑❑❑
❴❴❴❴❴❴
✆✆
Fx
αx //
Ff ′

Gx
Gf ′
αf ′
y ③③ Gf
vv
Gδ
ks
Fy αy //
Fg

Gy
Gg
αg
y ③③
Fz αz
// Gz
Fx
αx //
F (g#0f ′)

Gx
G(g#0f ′)

G(g#0f)
zz
αg#0f ′
  ✠✠✠✠
G(g#0δ)-5❝❝❝❝
Fz αz
// Gz
Fx
αx //
Ff

F (g#0f)
((
Gx
Gf
αf
y ③③
Fy αy //
Fg

Gy
Gg
αg
y ③③
Fz αz
// Gz
F (g#0δ)ks
Fx
αx //
F (g#0f)

F (g#0f ′)
))
Gx
G(g#0f)

αg#0f
  ✠✠✠✠
Fz αz
// Gz
F (g#0δ)ks
❴*4
(αg⊗Fδ)−1
#1(Gg#0αf )
❴ *4
(αg#0Ff ′)
#1(Gg#0αδ)
❴ *4
α2
g,f ′
#1(G(g#0δ)#0αx)
❴ *4
(αz#0F (g#0δ))
#1(α2g,f )
t4Btttttt
αg#0δ
(69)
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such that the following conditions hold:
1. Units are preserved:
Aidx = idAx (72)
2. Compatibility with the cocycles of α and β according to (73)
3. For 2-cells g : f =⇒ f ′ in G the images under F and G as well the data of A, α and
β are compatible as shown in (74)
2.5. Definition. A perturbation Γ: A ⇛ A′ between pseudo-modifications in the
sense definition 2.4 is given by a family 3-cells indexed by 0-cells x of G:
Fx
αx

βx
CCGxAx

Fx
αx

βx
CCGxBx

Γx ❴ *4 (75)
such that
Fx
αx

βx
CC
Ff

Gx
Gf

βf
③③
yFy
βy
AAGy
Ax

Fx
αx

Ff

Gx
Gf

αf
③③
y
Fy
αy

βy
AAGy
Ay

Fx
αx

βx
CC
Ff

Gx
Gf

βf
③③
yFy
βy
AAGy
Bx

Fx
αx

Ff

Gx
Gf

αf
③③
y
Fy
αy

βy
AAGy
By

βf
#1(Gf#0Γx)❴*4
Bf✤

Af ✤

(Γy#0Ff)
#1αf
❴*4
(76)
commutes.
3. Composites in [G,H]p
3.1. Composites of Pseudo-Transformations . For reference we the data for the
composite G
β //G′
β //G′′ of pseudo-transformations. This also apprears [Gohla, 2014,
Appendix C], albeit for pseudo-functors.
Fx
αx

βx
CC
Ff

Gx
Gf

βf
③③
yFy
βy
AA
Ff ′

Gy
Gf ′

βf ′
③③
yFz
βz
CCGz
Ax

Fx
αx

βx
CC
F (f ′#0f)

Gx
G(f ′#0f)
βf ′#0f
✠✠✠✠✠
✠
  ✠✠✠✠Fz
βz
CCGz
Ax

Fx
αx

Ff

Gx
Gf

αf
③③
y
Fy
βy
AA
αy

Ff ′

Gy
Gf ′

βf ′
③③
yFz
βz
CCGz
Ay

Fx
αx

Ff

Gx
Gf

αf
③③
y
Fy
αy

Ff ′

Gy
Gf ′

αf ′
③③
y
Fz
αz

βz
CCGzAz

Fx
αx

F (f ′#0f)

Gx
G(f ′#0f)

αf ′#0f
✠✠
✠✠✠
✠
  ✠✠✠
✠
Fz
αz

βz
CCGzAz

(βf ′#0Ff)
#1(Gf ′#0Af )
❴ *4
(Af ′#0Ff)
#1(Gf ′#0αf )❴*4
(Az#0F (f ′#0f))
#1(α2f ′,f )
❄'
❄❄❄(β
2
f ′,f
)
#1(G(f ′#0f)#0Ax)
✤

Af ′#0f
❴*4
(73)
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Fx
αx

βx
CC
Ff

Ff ′
**
Gx
Gf

βf
③③
yFy
βy
AAGy
Ax

Fgks
Fx
αx

Ff

Ff ′
**
Gx
Gf

αf
③③
y
Fy
αy

βy
AAGy
Ay

Fgks ▲▲▲▲▲▲
❴❴❴❴❴❴
❴❴❴❴❴❴
❯❯❯❯
❯❯
❴❴❴ ❴❴❴
❴❴
✑✑
Fx
αx

Ff

Ff ′
**
Gx
Gf

αf
③③
y
Fy
αy

βy
AAGy
Ay

Fgks
▲▲▲
▲▲▲
❴❴❴
❴❴❴
❴❴❴
❴❴❴❯❯❯❯❯❯❴❴❴❴
❴❴❴
✑✑
Fx
αx

Ff ′

Gx
Gf ′

αf ′
③③
y
Gf
tt
Fy
αy

βy
AAGy
Ay

Ggks
Fx
αx

βx
CC
Ff

Ff ′
**
Gx
Gf

βf ′
③
yFy
βy
AAGy
Ax

Fgks
Fx
αx

βy
CC
Ff ′

Gx
Gf ′

Gf
tt
βfyFy
βy
AAGy
Ax

Ggks
▼▼▼
▼▼▼
❴❴❴
❴❴❴ ❴❴❴
❴❴❴❱❱❱❱❱❱❴❴❴❴
❴❴✒✒
Fx
αx

βy
CC
Ff ′

Gx
Gf ′

Gf
ttβf ′yFy
βy
AAGy
Ax

Ggks
▼▼▼▼▼▼
❴❴❴❴❴❴
❴❴❴❴❴❴
❱❱❱❱❱
❱
❴❴❴ ❴❴❴
❴❴
✒✒
Fx
αx

Ff ′

Gx
Gf ′

αf ′
③③
y
Gf
tt
Fy
αy

βy
AAGy
Ay

Ggks
(βy#0Fg)
#1Af
❴ *4
Ay⊗Fg
#1αf❴ *4
(Ay#0Ff ′)
#1αg
❴*4
βg
#1(Gf#0Ax)
❴ *4
βf ′
#1(Gg⊗Ax)
❴ *4
Af ′
#1(Gg#0αx)
❴*4
(74)
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1. On 0-cells:
(β ′ ∗0 β)x = β
′
x#0βx . (77)
2. On 1-cells:
(β ′ ∗0 β)f =
Gx
βx //
Gf

G′x
β′x //
G′f
βf
y ③③
G′′x
G′′f
β′f
x  ②②
Gy
βy
// G′y
β′y
// G′′
. (78)
3. On 2-cells: See (79).
4. On composable pairs: see (80).
3.2. Composites of Pseudo-Modifications. The composite A′ ∗1 A of pseudo-
modifications
G
α

α′ //
α′′
GG
A
A′
G′
is given by
(A′ ∗1 A)x = A
′
x#1Ax (81)
(A′∗1A)f =
Gx
αx
$$
α′′x
;;
Gf

G′x
G′f
α′′f
rz ♠♠♠♠
Gy
α′′y
::G
′y
(A′∗1A)x Gx
αx

α′x
//
Gf

Ax
G′x
G′f

α′f
z ⑤⑤
Gy α′y //
α′′y
??
A′y
G′y
Gx
αx
$$
Gf

G′x
G′f

αf
rz ♠♠♠♠
Gy
αy
$$
α′′y
::G
′y(A′∗1A)y
A′
f
#1
(G′f#0Ax)❴ *4
(A′y#0Gf)
#1Af
❴ *4 .
(82)
3.3. Whiskers of Pseudo-Modifications. For a pseudo-transformation and a pseudo-
modification
G
α

α′
DDA G
′ β // G′′
we define the right whisker β ∗0 A as follows:
(β ∗0 A)x = βx#0Ax (83)
(β ′ ∗0 β)ϕ
Gx
βx //
Gf

Gf ′
**
Gϕ
ks
G′x
β′x //
G′f
βf
y ③③
G′′x
G′′f
β′f
x  ②②
Gy
βy
// G′y
β′y
// G′′y
Gx
βx //
Gf ′

G′x
β′x //
G′f
~~
G′f ′
  G′ϕ
ksβf ′
y ③③
G′′x
G′′f

β′f
x  ②②
Gy
βy
// G′y
β′y
// G′′y
Gx
βx //
Gf ′

G′x
β′x //
G′f ′
βf ′
y ③③
G′′x
G′′f
uu
G′′f ′
 G′′ϕ
ks
β′
f ′
x  ②②
Gy
βy
// G′y
β′y
// G′′y
❴*4
(β′y#0βϕ)
#1(β′f#0βx)
❴ *4
(β′y#0βf ′)
#1(β′ϕ#0βx)
. (79)
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(β ′ ∗0 β)
2
f ′,f
Gx
βx //
Gf

G′x
β′x //
G′f

βf ③③y
G′′x
G′′f
β′f
x  ②②
Gy βy //
Gf ′

G′y β′y //
G′f ′
βf ′
y ③③
G′′y
G′′f ′
β′f ′
②②x 
Gz
βz
// G′z
β′z
// G′′z
❆❆
❆❆
❆❆
❆❆
❆❆
❆
❴❴
❴❴
❴❴
❴❴❍❍❍❍❍❍❍❍❍❍❍
❴❴❴❴❴❴❴❴
✆✆
Gx
βx //
Gf

G′x
β′x //
G′f

βf ③③y
G′′x
G′′f
β′f
x  ②②
Gy βy //
Gf ′

G′y β′y //
G′f ′
βf ′
y ③③
G′′y
G′′f ′
β′f ′
②②x 
Gz
βz
// G′z
β′z
// G′′z
❆❆❆❆❆❆❆❆❆❆❆
❴❴❴❴❴❴❴❴❍
❍❍
❍❍❍
❍❍
❍❍❍
❴❴
❴❴
❴❴
❴
✆✆
Gx
βx //
G(f ′#0f)

G′x
β′x //
G′(f ′#0f)

βf ′#0f ✠✠ 
G′′x
G′′(f ′#0f)

β′
f ′#0f
  ✟✟✟✟
Gz
βz
// G′z
β′z
// G′′z
❴ *4
(β′z#0βf ′#0Gf)
#1(β′f ′⊗βf )
#1(Gf ′#0β′f#0βx)
❴*4
(β′z#0β
2
f ′,f
)
#1(β′2f ′,f#0βx)
(80)
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and (84).
For a pseudo-transformation and a pseudo-modification
G
α // G′
β

β′
CCB G
′′
we define the right whisker B ∗0 α as follows:
(B ∗0 α)x = Bx#0αx (85)
and (86).
4. Horizontal Composition in GrayCatQ1
We define the composition _ ∗−1 _ of Gray-functors, pseudo-transformation, pseudo-
modification, and perturbations along a Gray-category:
∗−1 G α A Γ
H H ∗−1 G H ∗−1 α H ∗−1 A H ∗−1 Γ
β β ∗−1 G β ∗−1 α β ∗−1 A β ∗−1 Γ
B B ∗−1 G B ∗−1 α B ∗−1 A B ∗−1 Γ
∆ ∆ ∗−1 G ∆ ∗−1 α ∆ ∗−1 A ∆ ∗−1 Γ
On a 0-cell x each of these is defined as
∗−1 G α : G −→ G
′ A Γ
H HGx Hαx HAx HΓx
β : H −→ H ′ βHx HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧⑧
Hαx ❄
❄❄
❄❄
❄❄
❄❄
H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
❄❄
βαx
HG′x
βH′x
??⑧⑧⑧⑧⑧⑧⑧⑧⑧
H ′G′x βAx id
B BGx Bαx id id
∆ ∆Gx id id id
On a 1-cell f each of these is defined as
∗−1 G α : G −→ G
′ A Γ
H HGf Hαf HAf id
β : H −→ H ′ βGf (β ∗−1 α)f see (87) id id
B BGf id id id
∆ id id id id
(β ∗0 A)f =
Gx
αx
""
α′x
>>
Gf

Ax G
′x
βx //
G′f

α′f
rz ♠♠♠♠
G′′x
G′′f

βf
y ③③
Gy
α′y
==G
′y
βy
// G′′y
■■
■■
■■
■■
❴❴
❴❴
❴❴
❴
◗◗◗◗◗◗◗◗
❴❴❴❴❴❴❴
✍✍
Gx
αx
""
α′x
>>
Gf

Ax G
′x
βx //
G′f

α′f
rz ♠♠♠♠
G′′x
G′′f

βf
y ③③
Gy
α′y
==G
′y
βy
// G′′y
■■■■■■■■
❴❴❴❴❴❴❴◗
◗◗◗
◗◗◗
◗
❴❴❴
❴❴❴
✍✍
Gx
αx
""
Gf

G′x
βx //
G′f

αf
rz ♠♠♠♠
G′′x
G′′f

βf
y ③③
Gy
αy
""
α′y
==
Ay G
′y
βy
// G′′y
(βy#0α′f )
#1(βf⊗Ax)
−1
❴ *4
(βy#0Af )
#1(βf#0αx)❴ *4
(84)
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(B ∗0 α)f =
Gx
αx //
Gf

G′x
βx
""
β′x
>>
G′f

Bx
αf
y ④④
G′′x
G′′f

β′f
rz ♠♠♠♠
Gy αy
// G′y
β′y
<<G
′′y
Gx
αx //
Gf

G′x
βx
""
G′f

αf
y ④④
G′′x
G′′f

βf
rz ♠♠♠♠
Gy αy
// G′y
βy
""
β′y
<<
By G
′′y
◗◗◗◗◗◗◗◗
❳❳❳❳❳
❳❳❳
✔✔✤
✤✤ ✤
Gx
αx //
Gf

G′x
βx
""
G′f

αf
y ④④
G′′x
G′′f

βf
rz ♠♠♠♠
Gy αy
// G′y
βy
""
β′y
<<
By G
′′y
◗◗◗
◗◗◗
◗◗❳❳❳❳❳❳❳❳
✔✔ ✤✤✤✤
(β′y#0αf )
#1(Bf#0αx)
❴ *4
(By⊗αf )
−1
#1(β′f#0αx)❴ *4
(86)
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(β ∗−1 α)f
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
Hαx
❄❄
❄
❄
❄❄
HGf
✤✤
✤✤
✤✤
✤
✤
✤ ✤
✤ ✤
✤
H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
βαx
HGy
Hαy ❄
❄❄
❄❄
❄❄
HG′x
βG′x⑧⑧⑧
??⑧⑧⑧
HG′f

Hαf
{ ⑧⑧
H ′G′x
H′G′f

βG′f ✔
✔✔✔
HG′
βG′y
??⑧⑧⑧⑧⑧⑧⑧
H ′G′y
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
Hαx
❄❄
❄
❄
❄❄
HGf
✤✤
✤✤
✤✤
✤
✤
✤ ✤
✤ ✤
✤
H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
HGy
Hαy ❄
❄❄
❄❄
❄❄
HG′x
HG′f

Hαf
{ ⑧⑧
H ′G′x
H′G′f

βG′f#0αx
{ ⑧⑧
HG′
βG′y
??⑧⑧⑧⑧⑧⑧⑧
H ′G′y
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
HGf
✤✤
✤✤
✤✤
✤
✤
✤ ✤
✤ ✤
✤
H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
H′Gf
✤ ✤
✤ ✤
✤✤
✤
✤ ✤
✤✤
✤
HGy
Hαy ❄
❄❄
❄❄
❄❄
H ′Gx
H′αy
❄❄
❄
❄❄
❄
βαy#0Gf
{ ⑧⑧
H ′G′x
H′G′f

H′αf
{ ⑧⑧
HG′
βG′y
??⑧⑧⑧⑧⑧⑧⑧
H ′G′y
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
HGf
✤✤
✤✤
✤ ✤
✤
✤
✤ ✤
✤ ✤
✤
H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
H′Gf
✤ ✤
✤ ✤
✤✤
✤
✤✤
✤✤
✤
βGf ✔✔✔
✔
HGy
Hαy ❄
❄❄
❄❄
❄❄
βGy⑧⑧⑧
??⑧⑧⑧
H ′Gx
H′αy
❄❄
❄
❄❄
❄
βαy
H ′G′x
H′G′f

H′αf
{ ⑧⑧
HG′
βG′y
??⑧⑧⑧⑧⑧⑧⑧
H ′G′y
(βG′y#0Hαf )
#1β2G′f,αx❴ *4
βαf
❴ *4
(β2
αy#0Gf
)−1
#1(Hα′f ,βGx)❴*4 .
(87)
42
43
On a 2-cell ϕ each of these is defined as
∗−1 G α A Γ
H HGϕ Hαϕ id id
β βGϕ id id id
B id id id id
∆ id id id id
On a 3-cell Σ each of these is defined as
∗−1 G α A Γ
H HGΣ id id id
β id id id id
B id id id id
∆ id id id id
On a pair of composable 1-cells f, f ′ each of these is defined as
∗−1 G α : G −→ G
′ A Γ
H HG(f ′#0f) H(α
2
f ′,f) HAf? id
β : H −→ H ′ β2Gf ′,Gf id id id
B BGf? id id id
∆ id id id id
We also need to define the non-dimension raising horizontal composites:
⊳−1 G α : G −→ G
′ A : α =⇒ α′ Γ: A⇛ A′
H H ∗−1 G H ∗−1 α H ∗−1 A H ∗−1 Γ
β : H −→ H ′ β ∗−1 G (β ∗−1 G
′) ∗0 (H ∗−1 α) (β ∗−1 G
′) ∗0 (H ∗−1 A) (β ∗−1 G
′) ∗0 (H ∗−1 Γ)
B : β =⇒ β ′ B ∗−1 G (B ∗−1 G
′) ∗0 (H ∗−1 α) (B ∗−1 G
′) ∗0 (H ∗−1 A) (B ∗−1 G
′) ∗0 (H ∗−1 Γ)
∆: B ⇛ B′ ∆ ∗−1 G (∆ ∗−1 G
′) ∗0 (H ∗−1 α) (∆ ∗−1 G
′) ∗0 (H ∗−1 A) (∆ ∗−1 G
′) ∗0 (H ∗−1 Γ)
⊲−1 G α : G −→ G
′ A : α =⇒ α′ Γ: A⇛ A′
H H ∗−1 G H ∗−1 α H ∗−1 A H ∗−1 Γ
β : H −→ H ′ β ∗−1 G (H
′ ∗−1 α) ∗0 (β ∗−1 G) (H
′ ∗−1 A) ∗0 (β ∗−1 G) (H
′ ∗−1 Γ) ∗0 (β ∗−1 G)
B : β =⇒ β ′ B ∗−1 G (H
′ ∗−1 α) ∗0 (B ∗−1 G) (H
′ ∗−1 A) ∗0 (B ∗−1 G) (H
′ ∗−1 Γ) ∗0 (B ∗−1 G)
∆: B ⇛ B′ ∆ ∗−1 G (H
′ ∗−1 α) ∗0 (∆ ∗−1 G) (H
′ ∗−1 A) ∗0 (∆ ∗−1 G) (H
′ ∗−1 Γ) ∗0 (∆ ∗−1 G)
These cells have dimensions:
⊲−1, ⊳−1 G α : G −→ G
′ A : α =⇒ α′ Γ: A⇛ A′
H 0 1 2 3
β : H −→ H ′ 1 1 2 3
B : β =⇒ β ′ 2 2 3 3
∆: B ⇛ B′ 3 3 3 3
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For reference we spell out the data for β ⊳−1 α: are given in (88), (89) and (90).
HGx
Hαx //
HGf

HG′x
βG′x //
HG′f
Hαf
v~ ✉✉✉
H ′G′x
H′G′f
βG′f
v~ ttt
HGy
Hαy
//HG′y
βG′y
// H ′G′y
, (88)
We also spell out the data for β ⊲−1 α: in dimensions 0 and 1 in (91), in dimension 2
in (92), and for composable 1-cells in (93).
HGx
βGx //
HGf

H ′Gx
H′αx //
H′Gf
βGf
v~ ✉✉✉
H ′G′x
H′G′f
H′αf
v~ tttt
HGy
βGy
// H ′Gy
H′αy
// H ′G′y
, (91)
4.1. Theorem. The compositions defined above result in the following types of cells:
dimension type
0 Gray-functor H ∗−1 G
1 pseudo-transformation H ∗−1 α, β ∗−1 G
2 pseudo-modification H ∗−1 A, β ∗−1 α,B ∗−1 G
3 perturbation H ∗−1 Γ, β ∗−1 A,B ∗−1 α,∆ ∗−1 G
Proof. In dimension 0 HG is trivially a Gray-functor. Dimension 1 is equally trivial. In
dimension 2 the only non-trivial case is β∗−1α which is proved in lemma 4.2. In dimension
3 H ∗−1 Γ,∆ ∗−1 G are obviously perturbations. That β ∗−1 A,B ∗−1 α are such is shown
in lemmata 4.3 and 4.4. ⊓⊔
4.2. Lemma. β ∗−1 α as defined above is a pseudo-modification
β ∗−1 α : β ⊳−1 α =⇒ β ⊲−1 α
= (β ∗−1 G
′) ∗0 (H ∗−1 α) =⇒ (H
′ ∗−1 α) ∗0 (β ∗−1 G) . (94)
Proof. We need to verify that β ∗−1 α satisfies the conditions 2.4. The conditions of
definition (72) is obvious from (87).
Next, we check that our definition satisfies (73), that is, we need to verify that (95)
commutes, which we do in (96).
Finally, we check that (74) holds for β ∗−1 α, i.e. that (97) holds, this is carried out in
(98). ⊓⊔
4.3. Lemma. Our definition of _ ∗−1 _ makes β ∗−1 A, a perturbation.
Proof. complete the proof
Details of (β ⊳−1 α)ϕ
HGx
Hαx //
HGf

HGf ′
''
HGϕ
ks
H ′Gx
βG′x //
H′Gf

H(αf )
w ✇✇
H ′G′x
H′G′f

βG′f
w ✈✈✈
HGy
Hαy
// H ′Gy
βG′y
// H ′G′y
HGx
Hαx //
HGf ′

H ′Gx
βG′x //
H′Gf ′

H′Gf

H′Gϕ
ksH(αf ′ )
w ✇✇
H ′G′x
H′G′f

βG′f
w ✈✈✈
HGy
Hαy
// H ′Gy
βG′y
// H ′G′y
HGx
Hαx //
HGf ′

H ′Gx
βG′x //
H′Gf ′

Hαf ′
w ✇✇
H ′G′x
H′G′f ′

H′G′f
xx
H′G′ϕ
ks
βG′f ′
w ✈✈✈
HGy
Hαy
// H ′Gy
βG′y
// H ′G′y
❴ *4
(βG′y#0Hαϕ)
#1(βG′f#0Hαx)
❴ *4
(βG′y#0Hαf ′)
#1(βGϕ#0Hαx)
(89)
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Details of (β ⊳−1 α)2f ′,f
HGx
Hαx //
HGf

HG′x
βG′x //
HG′f

Hαf✉✉v~
H ′G′x
H′G′f

βG′f
v~ ttt
HGy
Hαy //
HGf ′

HG′y
βG′x //
HG′f ′

Hαf ′
v~ ✉✉✉
H ′G′y
H′G′f ′
βG′f ′
ttv~
HGz
Hαz
// HG′z
βG′z
// H ′G′z
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❴❴
❴❴
❴❴
❴❴
❴❴▲▲▲▲▲▲▲▲▲▲▲▲
❴❴❴❴❴❴❴❴
✠✠
HGx
Hαx //
HGf

HG′x
βG′x //
HG′f

Hαf✉✉v~
H ′G′x
H′G′f

βG′f
v~ ttt
HGy
Hαy //
HGf ′

HG′y
βG′x //
HG′f ′

Hαf ′
v~ ✉✉✉
H ′G′y
H′G′f ′
βG′f ′
ttv~
HGz
Hαz
// HG′z
βG′z
// H ′G′z
❋❋❋❋❋❋❋❋❋❋❋❋
❴❴❴❴❴❴❴❴❴❴▲
▲▲▲
▲▲▲
▲▲▲
▲▲
❴❴
❴❴
❴❴
❴
✠✠
HGx
Hαx //
HG(f ′#0f)

HG′x
βG′x //
HG′(f ′#0f)

Hαf ′#0f ☎☎~
H ′G′x
H′G′(f ′#0f)

βG′(f ′#0f)
} ✄✄✄
HGz
Hαz
// HG′z
βG′z
// H ′G′z
❴ *4
(βG′z#0Hαf ′#0HGf)
#1(βG′f ′⊗Hαf )
#1(H′G′f ′#0βG′f#0Hαx)
❴*4
(βG′z#0Hα
2
f ′,f
)
#1(β2G′f ′,G′f#0Hαx)
(90)
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Details of (β ⊲−1 α)ϕ
HGx
βGx //
HGf

HGf ′
''
HGϕ
ks
H ′Gx
H′αx //
H′Gf

βGf
w ✇✇
H ′G′x
H′G′f

H′(αf )
w ✈✈
HGy
βGy
// H ′Gy
H′αy
// H ′G′y
HGx
βGx //
HGf ′

H ′Gx
H′αx //
H′Gf ′

H′Gf

H′Gϕ
ksβGf ′
w ✇✇✇✇
H ′G′x
H′G′f

H′(αf )
w ✈✈
HGy
βGy
// H ′Gy
H′αy
// H ′G′y
HGx
βGx //
HGf ′

H ′Gx
H′αx //
H′Gf ′

βGf ′
w ✇✇
H ′G′x
H′G′f ′

H′G′f
xx
H′G′ϕ
ks
H′(αf )
w ✈✈
HGy
βGy
// H ′Gy
H′αy
// H ′G′y
❴ *4
(H′αy#0βGϕ)
#1(H′αf#0βGx)
❴ *4
(H′αy#0βα
f ′
)
#1(H′αϕ#0βGf )
(92)
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Details of (β ⊲−1 α)2f ′,f
HGx
βGx //
HGf

H ′Gx
H′αx //
H′Gf

βGf✉✉v~
H ′G′x
H′G′f

H′αf
v~ tttt
HGy
βGy //
HGf ′

H ′Gy
H′αy //
H′Gf ′

βGf ′
v~ ✉✉✉
H ′G′y
H′G′f ′
H′α
f ′
ttv~
HGz
βGz
// H ′Gz
H′αz
// H ′G′z
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❴❴
❴❴
❴❴
❴❴
❴❴▲▲▲▲▲▲▲▲▲▲▲▲
❴❴❴❴❴❴❴❴
✠✠
HGx
βGx //
HGf

H ′Gx
H′αx //
H′Gf

βGf✉✉v~
H ′G′x
H′G′f

H′αf
v~ tttt
HGy
βGy //
HGf ′

H ′Gy
H′αy //
H′Gf ′

βGf ′
v~ ✉✉✉
H ′G′y
H′G′f ′
H′α
f ′
ttv~
HGz
βGz
// H ′Gz
H′αz
// H ′G′z
❋❋❋❋❋❋❋❋❋❋❋❋
❴❴❴❴❴❴❴❴❴❴▲
▲▲▲
▲▲▲
▲▲▲
▲▲
❴❴
❴❴
❴❴
❴
✠✠
HGx
βGx //
HG(f ′#0f)

H ′Gx
H′αx //
H′G(f ′#0f)

βG(f ′#f ) ☎☎~
H ′G′x
H′G′(f ′#0f)

H′α
f ′#0f
} ✄✄✄
HGz
βGz
// H ′Gz
H′αz
// H ′G′z
❴ *4
(H′αz#0βαf#0HGf)
#1(H′αf ′⊗βαf )
#1(H′G′f ′#0H′αf#0βGx)
❴*4
(H′αz#0β2Gf ′,Gf )
#1(H′α2f ′,f#0βGx)
(93)
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HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
Hαx
❄❄
❄
❄
❄❄
HGf
✤✤
✤✤
✤✤
✤
✤
✤✤
✤ ✤
✤
H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
βαx
HGy
Hαy
❄❄❄
❄
❄❄
HGf ′

HG′x
βG′x⑧⑧⑧
??⑧⑧⑧
H ′G′x
H′G′f
(β⊳−1α)f

 ☞☞☞☞
HGz
Hαz ❄
❄❄
❄❄
❄❄
HG′y
βG′y⑧⑧
??⑧⑧⑧
H ′G′y
H′G′f ′
✤ ✤
✤✤
✤✤
✤
✤✤
✤✤
✤
(β⊳−1α)f ′

 ☞☞☞☞
HG′z
βG′z
??⑧⑧⑧⑧⑧⑧⑧⑧
H ′G′z
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
HGf
✤ ✤
✤ ✤
✤ ✤
✤
✤
✤ ✤
✤✤
✤
H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
(β⊲−1α)f

 ☞☞☞☞
HGy
Hαy
❄❄❄
❄
❄❄
βG′y⑧⑧⑧
??⑧⑧⑧
HGf ′

HG′y
H′αy
❄❄❄
❄❄
❄
βαy
H ′G′x
H′G′f

HGz
Hαz ❄
❄❄
❄❄
❄❄
HG′y
βG′y⑧⑧
??⑧⑧⑧
H ′G′y
H′G′f ′
✤ ✤
✤ ✤
✤ ✤
✤
✤ ✤
✤ ✤
✤
(β⊳−1α)f ′

 ☞☞☞☞
HG′z
βG′z
??⑧⑧⑧⑧⑧⑧⑧⑧
H ′G′z
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
HGf
✤✤
✤✤
✤✤
✤
✤
✤ ✤
✤ ✤
✤
H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
(β⊲−1α)f

 ☞☞☞☞
HGy
βGy⑧⑧⑧
??⑧⑧⑧
HGf ′

H ′Gy
H′αy
❄❄
❄
❄
(β⊲−1α)f ′

 ☞☞☞☞
H ′G′x
H′G′f

HGz
Hαz ❄
❄❄
❄❄
❄❄
βGz⑧⑧⑧
??⑧⑧⑧
H ′Gz
H′αz ❄
❄❄
❄❄
❄❄
βαz
H ′G′y
H′G′f ′
✤ ✤
✤✤
✤✤
✤
✤✤
✤✤
✤
HG′z
βG′z
??⑧⑧⑧⑧⑧⑧⑧⑧
H ′G′z
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧
Hαx
❄❄
❄
❄
❄
HG(f ′#0f)

H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
βαx
HGz
Hαz
❄❄
❄
❄
❄
HG′x
βG′x⑧⑧
??⑧⑧⑧
H ′G′x
H′G′(f ′#0f)

(β⊳−1α)f ′#0f

 ☞☞☞☞
HG′z
βG′z⑧⑧
??⑧⑧⑧
H ′G′z
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧
HG(f ′#0f)

H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
(β⊲−1α)f ′#0f

 ☞☞☞☞
HGz
Hαz ❄
❄❄
❄❄
❄❄
βGz⑧⑧⑧
??⑧⑧⑧
H ′Gz
H′αz
❄❄
❄
❄
❄
βαz
H ′G′x
H′G′(f ′#0f)

HG′z
βG′z
??⑧⑧⑧⑧⑧⑧⑧
H ′G′z
((β⊳−1α)f#0HGf)
#1(H′G′f ′#0(β∗−1α)f )
❴ *4
((β∗−1α)f ′#0HGf)
#1(H′G′f ′#0(β⊲−1α))❴*4
(β⊳−1α)2f ′,f
#1(H′G′(f ′#0f)#0βαx )
✤

(β∗−1α)f ′#0f
❴*4
(βαz#0HG(f
′#0f))
#1(β⊲−1α)2f ′,f
✤

(95)
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❖❖❖
❖❖❖
❖ ♦♦♦♦♦♦♦
❖❖❖
❖❖❖
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❖❖❖
❖❖❖
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❖❖❖
❖❖❖
❖
βαx
(β⊳−1α)f
(β⊳−1α)f ′
❖❖❖
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♦♦♦♦♦♦♦
❖❖❖
❖❖❖
❖ ❖❖
❖❖❖
❖❖
βG′f#0αx
Hαf
(β⊳−1α)f ′
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❍❍❍
❍
⑧
❖❖❖
❖❖❖
❖
♦♦♦♦♦♦♦ ♦♦♦♦♦♦♦
♦♦♦♦♦♦♦
❖❖❖
❖❖❖
❖
♦♦♦♦♦♦♦
❖❖❖
❖❖❖
❖
❖❖❖
❖❖❖
❖
βGf ′
βαz
βGf H
′αf
H′αf ′
✻✻✻✻✻❍
❍❍❍
❍
⑧
❖❖❖
❖❖❖
❖ ♦♦♦♦♦♦♦
♦♦♦♦♦♦♦
❖❖❖
❖❖❖
❖ ♦♦♦♦♦♦♦
❖❖❖
❖❖❖
❖
βαx
(β⊳−1α)f ′#0f
❖❖❖
❖❖❖
❖ ♦♦♦♦♦♦♦
♦♦♦♦♦♦♦
❖❖❖
❖❖❖
❖ ❖❖
❖❖❖
❖❖
Hαf ′#0f
βG′(f ′#0f)#0αx
❖❖❖
❖❖❖
❖ ♦♦♦♦♦♦♦
❖❖❖
❖❖❖
❖
♦♦♦♦♦♦♦ ❖❖
❖❖❖
❖❖
βαz#0G(f ′#0f)
H′αf ′#0f
❖❖❖
❖❖❖
❖
♦♦♦♦♦♦♦ ♦♦♦♦♦♦♦
❖❖❖
❖❖❖
❖
♦♦♦♦♦♦♦ ❖❖
❖❖❖
❖❖
(β⊲−1α)f ′#0f
βαz
❴*4
✤

❴*4
✤

❴ *4
✹✹✹✹"(69)
❴ *4
(66)
❴*4
(68)
❴*4
✤
 ✤

❴*4
✤

❴*4 ❴ *4
✤

✂8H
(64)
❴ *4
✡✡✡
✡<J
❴*4
✤

❴*4
✤

❴ *4 ❴*4
(63)
❴ *4
(96)
Verification of (95). Unlabeled subdiagrams commute by naturality. All 3-cells shown are canonical and invertible.
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HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
Hαx
❄❄
❄
❄
❄❄
HGf
✤ ✤
✤ ✤
✤✤
✤
✤
✤✤
✤✤
✤HGf ′
$$
HGϕks
H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
βαx
HGy
Hαy ❄
❄❄
❄❄
❄❄
HG′x
βG′x⑧⑧⑧
??⑧⑧⑧
H ′G′x
H′G′f

(β⊳−1α)f 
 ☞☞☞☞
HG′
βG′y
??⑧⑧⑧⑧⑧⑧⑧
H ′G′y
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
HGf
✤ ✤
✤ ✤
✤ ✤
✤
✤
✤✤
✤✤
✤HGf ′
$$
HGϕks
H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
(β⊲−1α)f

 ☞☞☞☞
HGy
Hαy ❄
❄❄
❄❄
❄❄
βGy⑧⑧⑧
??⑧⑧⑧
H ′Gy
βαy 
H′αx
❄❄❄
❄
❄❄
H ′G′x
H′G′f

HG′
βG′y
??⑧⑧⑧⑧⑧⑧⑧
H ′G′y
✿✿✿✿✿✿✿✿
⑧⑧⑧⑧⑧⑧⑧⑧
❋❋
❋❋
❋❋
❋
⑧⑧
⑧⑧
⑧⑧
⑧⑧
 ⑧⑧
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
HGf
✤ ✤
✤ ✤
✤ ✤
✤
✤
✤✤
✤✤
✤HGf ′
$$
HGϕks
H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
(β⊲−1α)f

 ☞☞☞☞
HGy
Hαy ❄
❄❄
❄❄
❄❄
βGy⑧⑧⑧
??⑧⑧⑧
H ′Gy
βαy 
H′αx
❄❄❄
❄
❄❄
H ′G′x
H′G′f

HG′
βG′y
??⑧⑧⑧⑧⑧⑧⑧
H ′G′y
✿✿
✿✿
✿✿
✿✿
⑧⑧
⑧⑧
⑧⑧
⑧⑧❋❋❋❋❋❋❋
⑧⑧⑧⑧⑧
⑧⑧
 ⑧
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
Hαx
❄❄
❄
❄
❄❄
HGf ′
✤✤
✤✤
✤ ✤
✤
✤✤
✤ ✤
✤
H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
βαx
HGy
Hαy ❄
❄❄
❄❄
❄❄
HG′x
βG′x⑧⑧⑧
??⑧⑧⑧
H ′G′x
H′G′f ′

H′G′f
zz
H′G′ϕks
(β⊳−1α)f ′ y ③③
HG′
βG′y
??⑧⑧⑧⑧⑧⑧⑧
H ′G′y
❆❆
❆❆
❆
⑧⑧
⑧⑧
⑧
❖❖❖❖❖
⑧⑧⑧⑧⑧⑧
✠✠⑧
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
Hαx
❄❄
❄
❄
❄❄
HGf ′
✤✤
✤✤
✤ ✤
✤
✤✤
✤ ✤
✤
H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
βαx
HGy
Hαy ❄
❄❄
❄❄
❄❄
HG′x
βG′x⑧⑧⑧
??⑧⑧⑧
H ′G′x
H′G′f ′

H′G′f
zz
H′G′ϕks
(β⊳−1α)f ′ y ③③
HG′
βG′y
??⑧⑧⑧⑧⑧⑧⑧
H ′G′y
❆❆❆❆❆
⑧
⑧⑧⑧⑧❖
❖❖❖
❖
⑧⑧⑧⑧
⑧
✠✠⑧⑧
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
HGf ′
✤✤
✤✤
✤ ✤
✤
✤✤
✤ ✤
✤
H ′Gx
H′αx
❄
❄❄
❄❄
❄❄
(β⊲−1α)f ′

 ☞☞☞☞
HGy
Hαy ❄
❄❄
❄❄
❄❄
βGy⑧⑧⑧
??⑧⑧⑧
H ′Gy
βαy 
H′αx
❄❄❄
❄
❄❄
H ′G′x
H′G′f ′

H′G′f
zz
H′G′ϕks
HG′
βG′y
??⑧⑧⑧⑧⑧⑧⑧
H ′G′y
(β⊳−1α)ϕ
#1(H′G′f#0βαx )
✤

(βG′y#0H(αy#0Gϕ))
#1(β∗−1α)f
❴ *4
(β⊳−1α)f ′
#1(H′G′ϕ⊗βαx )
❴ *4
(βαy⊗HGϕ)
−1
#1(β⊲−1α)f❴ *4
(H′(G′ϕ#0αx)#0βGx)
#1(β∗−1α)f ′
❴ *4
(βαy#0HGf
′)
#1(β⊲−1α)f
✤

(97)
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♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
HGϕ
βαx
(β⊳−1α)f
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
HGϕ
Hαf
βG′f#0αx
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
HGϕ
H′αf
βαy#0Gf
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
HGϕ
βαy
(β⊲−1α)f
▲▲▲▲▲
❲❲❲❲❲
✒✒
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
HGϕ
βαy
(β⊲−1α)f
▲▲▲
▲▲❲❲❲❲❲
✒✒
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑ HG
′ϕ
Hαf ′
βαx
βG′f
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑ HG
′ϕ
Hαf ′
βG′f#0αx
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
H′G′ϕ
βαx
(β⊳−1α)f ′
▲▲▲
▲▲❳❳❳❳❳
✒✒
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
H′Gϕ
H′αf
βαy#0Gf ′
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
H′Gϕ
H′αfβGf ′
βαy
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
H′G′ϕ
βαx
(β⊳−1α)f ′
▲▲▲▲▲
❳❳❳❳❳
✒✒
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
H′G′ϕ
βG′f ′#0αx
Hαf ′
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
H′G′ϕ
H′αf ′
βαy#0Gf ′
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦
♦♦♦
♦♦♦
❑❑
❑❑
❑❑❑
H′G′ϕ
βαy
(β⊳−1α)f ′
❴*4
✤

❴*4
✤

❴*4
✤

❴*4
❄❄❄'
✤

❄❄❄'
❴ *4
❴*4
✴✴✴✴
❴*4
✤

❴*4
❴*4
✤

✤

✤

(68)
(64) (69)
(63)
(64)
(98)
Verfification of (97). Unlabeled subdiagrams commute by naturality. All 3-cells shown are canonical and invertible.
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4.4. Lemma. Our definition of _ ∗−1 _ makes B ∗−1 α, a perturbation.
Proof. complete the proof
the derived horizontal compositions ⊲, ⊳. . .
4.5. Theorem. The ∗−1-composition preserves units, i.e. β ∗−1 idG = idβ∗−1G.
Proof. We see that (β ∗−1 idG)x = βidGx = (idβ∗−1G)x by (62) and (β ∗−1 idG)f = βidGf =
(idβ∗−1G)f using (87) and (67). ⊓⊔
4.6. Theorem. For Gray-functors and pseudo-transformations
G
G

G′
DDα H
H

H′ //
H′′
GG
β
β′
K
we have the following compatibility of ∗−1 and ∗0:
HG
β∗−1G
??⑧⑧⑧⑧⑧⑧⑧⑧
H∗−1α ❄
❄❄
❄❄
❄❄
❄
H ′G
β′∗−1G
??⑧⑧⑧⑧⑧⑧⑧⑧
H′∗−1α
❄❄❄
❄
❄
❄❄
β∗−1α
H ′′G
H′′∗−1α
❄
❄❄
❄❄
❄❄
❄
β′∗−1α
HG′
β∗−1G
′
??⑧⑧⑧⑧⑧⑧⑧⑧
H ′G′
β′∗−1G
′
??⑧⑧⑧⑧⑧⑧⑧⑧
H ′′G′
=
HG
β∗−1G
??⑧⑧⑧⑧⑧⑧⑧⑧
H∗−1α ❄
❄❄
❄❄
❄❄
❄
H ′G
β′∗−1G
??⑧⑧⑧⑧⑧⑧⑧⑧
H ′′G
H′′∗−1α
❄
❄❄
❄❄
❄❄
❄
(β′∗0β)∗−1α
 ✔✔✔✔
HG′
β∗−1G
′
??⑧⑧⑧⑧⑧⑧⑧⑧
H ′G′
β′∗−1G
′
??⑧⑧⑧⑧⑧⑧⑧⑧
H ′′G′
. (99)
Proof. We need to show that the two pseudo-modifications defined in (99) are equal.
The left-hand and the right-hand side of (99)can be evaluated according the definitions
of ∗0 and ∗−1 given in this section and in 3. On 0-cells we get
(((β ′ ∗−1 G
′) ∗0 (β ∗−1 α)) ∗1 ((β
′ ∗−1 α) ∗0 (β ∗−1 G)))x
= (β ′G′x#0βαx)#1(β
′
αx
#0βGx) = (β
′ ∗0 β)αx = ((β
′ ∗0 β) ∗−1 α)x.
On 1-cells the left hand side is given by (100); the right-hand side of (99) is given by
(101). We verify their equality in (105).
⊓⊔
♦♦♦♦♦♦♦♦♦
❑❑
❑❑
❑❑❑
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
❑❑
❑❑
❑❑❑ ♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
(β′∗0β)αx
((β′∗0β)⊲−1α)f
♦♦♦♦♦♦♦♦♦
❑❑
❑❑
❑❑❑
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
❑❑
❑❑
❑❑
❑
❑❑
❑❑
❑❑
❑
♦♦♦♦♦♦♦♦♦
βGf
βαy
H′αf
β′αx
β′
G′f
♦♦♦♦♦♦♦♦♦
❑❑
❑❑
❑❑❑
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
((β′∗0β)⊳−1α)f
(β′∗0β)αy
♦♦♦♦♦♦♦♦♦
❑❑
❑❑❑
❑❑
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
❑❑
❑❑
❑❑❑
❑❑
❑❑
❑❑
❑
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
β′αx
βG′fHαf
βαx
β′
G′f
❯❯❯❯
❯❯
❫❫❫❫❫❫✙✙
♦♦♦♦♦♦♦♦♦
❑❑
❑❑❑
❑❑
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
❑❑
❑❑
❑❑❑
❑❑
❑❑
❑❑
❑
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
β′αx
βG′fHαf
β′
G′f
βαx ❯❯❯❯❯❯
❫❫❫❫❫❫
✙✙
♦♦♦♦♦♦♦♦♦
❑❑
❑❑❑
❑❑
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
❑❑
❑❑
❑❑
❑
❑❑
❑❑
❑❑
❑
♦♦♦♦♦♦♦♦♦
βGf
βαy
H′αf
β′αx
β′
G′f
♦♦♦♦♦♦♦♦♦
❑❑
❑❑❑
❑❑
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
❑❑
❑❑
❑❑
❑ ❑
❑❑
❑❑❑
❑
β′Gf
βαy
H′′αf
β′αy
βGf ❯❯❯❯❯❯
❪❪❪❪❪❪
✙✙
♦♦♦♦♦♦♦♦♦
❑❑
❑❑❑
❑❑
♦♦♦♦♦♦♦♦♦ ❑
❑❑
❑❑
❑❑
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
♦♦♦♦♦♦♦♦♦
❑❑
❑❑
❑❑
❑ ❑
❑❑
❑❑❑
❑
β′Gf
βαy
H′′αf
βGf
β′αy
❯❯❯❯
❯❯
❪❪❪❪❪❪✙✙
((β′∗−1G)∗0(β∗−1α))f
#1(H′′G′f#0β′αx#0βGx)❴ *4
❴*4
(β′
G′y
#0βG′y#0Hαf )
#1(β′G′y#0βG′f#0Hαx)
#1(β′G′f⊗βαx)
#1(H′′G′f#0β′αx#0βGx)
❴*4
(β′
G′y
#0(β∗−1α)f )
#1(β′G′f#0H
′αx#0βGx)
#1(H′′G′f#0β′αx#0βGx)
(β′
G′y
#0βαy#0HGf )
#1((β′∗−1G)∗0(β∗−1α))f
❴ *4
❴*4
(β′
G′y
#0βαy#0HGf)
#1(β′G′y#0H
′αy#0βGf )
#1((β′∗−1α)f#0βGx)
❴*4
(β′
G′y
#0βαy#0HGf)
#1(β′αy⊗βGf )
−1
#1(H′′αy#0β′Gf#0βGx)
#1(H′′αf#0β
′
Gx#0βGx)
(84) (86)
(100)
The left-hand side of (99), i.e. (((β ′ ∗−1 G′) ∗0 (β ∗−1 α)) ∗−1 ((β ′ ∗−1 α) ∗0 (β ∗−1 G)))f , according to (82), (84) and (84).
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((β ′ ∗0 β) ∗−1 α)f . See (102), (103), and (104) for a breakdown of the 3-cells.
HGx
(β′∗0β)Gx
??⑧⑧⑧⑧⑧⑧⑧⑧
Hαx
❄❄
❄
❄
❄❄
HGf
✤✤
✤✤
✤✤
✤
✤
✤ ✤
✤ ✤
✤
H ′′Gx
H′′αx
❄
❄❄
❄❄
❄❄
(β′∗0β)αx
HGy
Hαy ❄
❄❄
❄❄
❄❄
HG′x
(β′∗0β)G′x⑧⑧
??⑧⑧⑧
HG′f

Hαf
{ ⑧⑧
H ′′G′x
H′′G′f

(β′∗0β)G′f ✔
✔✔✔
HG′
(β′∗0β)G′y
??⑧⑧⑧⑧⑧⑧⑧
H ′′G′y
HGx
(β′∗0β)Gx
??⑧⑧⑧⑧⑧⑧⑧⑧
Hαx
❄❄
❄
❄
❄❄
HGf
✤✤
✤✤
✤✤
✤
✤
✤ ✤
✤ ✤
✤
H ′′Gx
H′′αx
❄
❄❄
❄❄
❄❄
HGy
Hαy ❄
❄❄
❄❄
❄❄
HG′x
HG′f

Hαf
{ ⑧⑧
H ′′G′x
H′′G′f

(β′∗0β)G′f#0αx
{ ⑧⑧
HG′
(β′∗0β)G′y
??⑧⑧⑧⑧⑧⑧⑧
H ′′G′y
HGx
(β′∗0β)Gx
??⑧⑧⑧⑧⑧⑧⑧⑧
HGf
✤ ✤
✤ ✤
✤ ✤
✤
✤
✤ ✤
✤ ✤
✤
H ′′Gx
H′′αx
❄
❄❄
❄❄
❄❄
H′′Gf
✤ ✤
✤✤
✤✤
✤
✤✤
✤✤
✤
HGy
Hαy ❄
❄❄
❄❄
❄❄
H ′′Gx
H′′αy
❄❄
❄
❄❄
❄
(β′∗0β)αy#0Gf
{ ⑧⑧
H ′′G′x
H′′G′f

H′′αf
{ ⑧⑧
HG′
(β′∗0β)G′y
??⑧⑧⑧⑧⑧⑧⑧
H ′′G′y
HGx
(β′∗0β)Gx
??⑧⑧⑧⑧⑧⑧⑧⑧
HGf
✤ ✤
✤ ✤
✤ ✤
✤
✤
✤✤
✤✤
✤
H ′′Gx
H′′αx
❄
❄❄
❄❄
❄❄
H′′Gf
✤✤
✤✤
✤ ✤
✤
✤✤
✤✤
✤
(β′∗0β)Gf ✔
✔✔✔
HGy
Hαy ❄
❄❄
❄❄
❄❄
(β′∗0β)Gy⑧⑧⑧
??⑧⑧⑧
H ′′Gx
H′′αy
❄❄
❄
❄❄
❄
(β′∗0β)αy
H ′′G′x
H′′G′f

H′′αf
{ ⑧⑧
HG′
(β′∗0β)G′y
??⑧⑧⑧⑧⑧⑧⑧
H ′′G′y
❴ *4
((β′∗0β)G′y
#0Hαf )
#1(β′∗0β)2G′f,αx
❴*4
(β′∗0β)αf
❴*4
((β′∗0β)2αy#0Gf
)−1
#1(Hα′f ,(β
′∗0β)Gx)
(101)
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Details of (β ′ ∗0 β)2G′f,αx
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
Hαx ❄
❄❄
❄❄
❄❄
H ′Gx
β′Gx
??⑧⑧⑧⑧⑧⑧⑧⑧
H′αx
❄❄
❄
❄
❄
βαx
✣✣✣✣ 
H ′′Gx
H′′αx
❄
❄❄
❄❄
❄❄
β′αx ✣✣✣✣
HG′x
βG′x⑧⑧⑧
??⑧⑧⑧
HG′f
✤
✤✤
✤ ✤
✤ ✤
✤ ✤
✤✤
✤✤
H ′G′x
β′
G′x⑧⑧
??⑧⑧⑧
H′G′f
✤✤
✤✤
✤ ✤
✤
✤✤
✤ ✤
✤
βG′f ✔
✔✔✔
H ′′G′x
H′′G′f
✤
✤ ✤
✤ ✤
✤✤
✤✤
✤ ✤
✤ ✤
β′
G′f
✔✔
HG′y
βG′y
??⑧⑧⑧⑧⑧⑧⑧
H ′G′y
β′
G′y
??⑧⑧⑧⑧⑧⑧⑧
H ′′G′y
❘❘❘❘
❘❘❘❘
❘❘
⑧⑧⑧⑧
⑧⑧⑧⑧
⑧⑧⑧❳❳❳❳❳❳❳❳❳
⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧
✕✕⑧⑧ HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
Hαx ❄
❄❄
❄❄
❄❄
H ′Gx
β′Gx
??⑧⑧⑧⑧⑧⑧⑧⑧
H′αx
❄❄
❄
❄
❄
βαx
✣✣✣✣ 
H ′′Gx
H′′αx
❄
❄❄
❄❄
❄❄
β′αx ✣✣✣✣
HG′x
βG′x⑧⑧⑧
??⑧⑧⑧
HG′f
✤
✤ ✤
✤✤
✤✤
✤ ✤
✤ ✤
✤ ✤
H ′G′x
β′
G′x⑧⑧
??⑧⑧⑧
H′G′f
✤ ✤
✤ ✤
✤✤
✤
✤✤
✤✤
✤
βG′f ✔
✔✔✔
H ′′G′x
H′′G′f
✤
✤✤
✤ ✤
✤ ✤
✤✤
✤✤
✤ ✤
β′
G′f
✔✔
HG′y
βG′y
??⑧⑧⑧⑧⑧⑧⑧
H ′G′y
β′
G′y
??⑧⑧⑧⑧⑧⑧⑧
H ′′G′y
❘❘❘❘❘❘❘❘❘❘
⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧
❳❳❳❳❳
❳❳❳❳
⑧⑧⑧⑧⑧⑧
⑧⑧⑧
✕✕⑧⑧
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧⑧
Hαx ❄
❄❄
❄❄
❄❄
H ′Gx
β′Gx
??⑧⑧⑧⑧⑧⑧⑧⑧
H′αx
❄❄
❄
❄
❄
H ′′Gx
H′′αx
❄
❄❄
❄❄
❄❄
HG′x
HG′f
✤
✤ ✤
✤ ✤
✤ ✤
✤✤
✤✤
✤ ✤
H ′G′x
H′G′f
✤✤
✤ ✤
✤ ✤
✤
✤ ✤
✤ ✤
✤
βG′f#0αx
{ ⑧⑧
H ′′G′x
H′′G′f
✤
✤✤
✤✤
✤ ✤
✤ ✤
✤ ✤
✤✤β
′
G′f#0αx
{ ⑧⑧
HG′y
βG′y
??⑧⑧⑧⑧⑧⑧⑧
H ′G′y
β′
G′y
??⑧⑧⑧⑧⑧⑧⑧
H ′′G′y
❴*4
(β′
G′y
#0βG′f#0Hαx)
#1(β′G′f⊗βαx)
#1(H′′G′f#0β′αx#0βGx)
❴ *4
(β′
G′y
#0β2G′f,αx
)
#1(β′2G′f,αx
#0βGx)
(102)
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Details of ((β ′ ∗0 β)2αy#0Gf)
−1
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧
HGf
✣✣
✣✣
✣✣
✣✣
✣✣
✣✣
H ′Gx
β′Gx
??⑧⑧⑧⑧⑧⑧⑧
H′Gf
✣✣
✣✣
✣✣
✣✣
✣✣
✣
H ′′Gx
H′′Gf
✣✣
✣✣
✣✣
✣✣
✣✣
✣✣
HGy
Hαy ❄
❄❄
❄❄
❄
H ′Gy
H′αy
❄❄
❄βαy#0Gf
{ ⑧⑧
H ′′Gy
H′′αy
❄
❄❄
❄❄
❄
β′αy#0Gf
{ ⑧⑧
HG′y
βG′y
??⑧⑧⑧⑧⑧⑧
H ′G′y
β′
G′y
??⑧⑧⑧⑧⑧⑧
H ′′G′y
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧
HGf
✣✣
✣✣
✣✣
✣✣
✣✣
✣✣
H ′Gx
β′Gx
??⑧⑧⑧⑧⑧⑧⑧
H′Gf
✣✣
✣✣
✣✣
✣✣
✣✣
✣
βGf ✔✔
H ′′Gx
H′′Gf
✣✣
✣✣
✣✣
✣✣
✣✣
✣✣
β′Gf ✔
✔✔✔
HGy
Hαy ❄
❄❄
❄❄
❄
βGy⑧⑧
??⑧⑧
H ′Gy
β′Gy⑧
??⑧
H′αy
❄❄
❄
βαx
H ′′Gy
H′′αy
❄
❄❄
❄❄
❄
β′αy
HG′y
βG′y
??⑧⑧⑧⑧⑧⑧
H ′G′y
β′
G′y
??⑧⑧⑧⑧⑧⑧
H ′′G′y
◗◗◗◗◗◗◗◗◗
⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧
❳❳❳❳❳❳
❳❳❳
⑧⑧⑧⑧⑧⑧
⑧⑧
✕✕⑧⑧
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧
HGf
✣✣
✣✣
✣✣
✣✣
✣✣
✣✣
H ′Gx
β′Gx
??⑧⑧⑧⑧⑧⑧⑧
H′Gf
✣✣
✣✣
✣✣
✣✣
✣✣
✣
βGf ✔✔
H ′′Gx
H′′Gf
✣✣
✣✣
✣✣
✣✣
✣✣
✣✣
β′Gf ✔
✔✔✔
HGy
Hαy ❄
❄❄
❄❄
❄
βGy⑧⑧
??⑧⑧
H ′Gy
β′Gy⑧
??⑧
H′αy
❄❄
❄❄
βαx
H ′′Gy
H′′αy
❄
❄❄
❄❄
❄
β′αy
HG′y
βG′y
??⑧⑧⑧⑧⑧⑧
H ′G′y
β′
G′y
??⑧⑧⑧⑧⑧⑧
H ′′G′y
◗◗◗
◗◗◗
◗◗◗
⑧⑧⑧⑧
⑧⑧⑧
⑧⑧⑧❳❳❳❳❳❳❳❳❳
⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧
✕✕⑧⑧
❴*4
(β′
G′f
#0(β2αy#0Gf
)−1)
#1((β′2αy#0Gf
)−1#0βGx)
❴ *4
(β′
G′y
#0βαx#0HGf)
#1(β′αy⊗ββGf )
−1
#1(H′′αy#0β′Gf#0βGx)
(103)
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Details of (β ′ ∗0 β)αf
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧
Hαx
❄❄❄
❄❄
HGf
✣✣
✣✣
✣✣
✣✣
✣✣
✣✣
H ′Gx
β′Gx
??⑧⑧⑧⑧⑧⑧⑧
H′αx
❄❄❄
❄
H ′′Gx
H′′αx
❄
❄❄
❄❄
❄
HGy
Hαy ❄
❄❄
❄❄
❄
HG′x
HG′f

Hαf
{ ⑧⑧
H ′G′x
H′G′f

βG′f#0αx
{ ⑧⑧
H ′′G′x
H′′G′f

β′
G′f#0αx
{ ⑧⑧
HG′y
βG′y
??⑧⑧⑧⑧⑧⑧
H ′G′y
β′
G′y
??⑧⑧⑧⑧⑧⑧
H ′′G′y
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧
HGf
✣✣
✣✣
✣✣
✣✣
✣✣
✣✣
H ′Gx
β′Gx
??⑧⑧⑧⑧⑧⑧⑧
H′αx
❄❄❄
❄
H′Gf
✣✣
✣✣
✣✣
✣✣
✣✣
✣
H ′′Gx
H′′αx
❄
❄❄
❄❄
❄
HGy
Hαy ❄
❄❄
❄❄
❄
H ′Gy
H′αy
❄❄
❄βαy#0Gf
{ ⑧⑧
H ′G′x
H′G′f

H′αf
{ ⑧⑧
H ′′G′x
H′′G′f

β′
G′f#0αx
{ ⑧⑧
HG′y
βG′y
??⑧⑧⑧⑧⑧⑧
H ′G′y
β′
G′y
??⑧⑧⑧⑧⑧⑧
H ′′G′y
HGx
βGx
??⑧⑧⑧⑧⑧⑧⑧
HGf
✣✣
✣✣
✣✣
✣✣
✣✣
✣✣
H ′Gx
β′Gx
??⑧⑧⑧⑧⑧⑧⑧
H′Gf
✣✣
✣✣
✣✣
✣✣
✣✣
✣
H ′′Gx
H′′αx
❄
❄❄
❄❄
❄
H′′Gf
✣✣
✣✣
✣✣
✣✣
✣✣
✣
HGy
Hαy ❄
❄❄
❄❄
❄
H ′Gy
H′αy
❄❄
❄βαy#0Gf
{ ⑧⑧
H ′′Gy
H′′αy
❄❄
❄β′αy#0Gf
⑧{
H ′′G′x
H′′G′f

H′′αf
{ ⑧⑧
HG′y
βG′y
??⑧⑧⑧⑧⑧⑧
H ′G′y
β′
G′y
??⑧⑧⑧⑧⑧⑧
H ′′G′y
(β′
G′f
#0βαf )
#1(β′G′f#0αx
#0βGx)
❴*4
(β′
G′y
#0βαy#0Gf )
#0(β′αf
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Verification of the equality of (100) (top row) and (101) (remaining outline). Unlabeled subdiagrams commute by
naturality
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